TIGHT BINDING BOOK 
Text fly Book 



UNIVERSAL 

LIBRARY 



OU 162858 > 

- 7J 



UNIVERSAL 




OUT*— 2273— 19-1 1-79-10,000 Copies. 


OSMANIA UNIVERSITY LIBRARY 

C*n No. 3 Accession No. 3 

b3(T~ 


TiUe 


1 his book should be returned on or before the date last marked below' 






A TBEATISE 


ON 


HYDEODYNAMIOS 


Wiitf) nunuroud 


BY 

A. B. BASSET, M.A. 

OF Lincoln’s inn, babbibter at law, fellow of the Cambridge philosophical 
society; and formerly scholar of trinity college, CAMBRIDGE. 


VOLUME I. 


CAMBRIDGE: 

DEIGHTON, BELL AND CO. 

LONDON: OEOBOE BELL AND SONS. 

1888 


[All Sights reserved.] 



CambriUfic : 

PBINTED BY C. J. CLAY, M.A. AND SONS, 
AT THE UNIVERSITY PRESS. 



CONTENTS. 


Vll 


CHAPTER IV. 

VORTEX MOTION AND CYCLIC IRROTATIONAL MOTION. 


58. Statement of problem 62 

59. Fundamental properties of vortex filaments 62 

60. Integration of the equations which determine the components of 

molecular rotation in terms of the velocities 64 

61. Velocity due to a vortex . 66 

62. Velocity potential due to a vortex . . 66 

63. Vortex sheets 68 

64. Surfaces of discontinuity 68 

65. Surfaces of discontinuity possess the properties of vortex sheets . . 68 

66. Cyclic and acyclic irrotational motion 70 

67. Flow and circulation 70 

68. Stokes’ theorem 70 

69. Circulation due to a vortex filament is equal to twice the product of its 

angular velocity and its cross section 71 

70. Polycyclic velocity potentials 72 

71. Stream lines cannot form closed curves unless the motion is cyclic . . 72 

72. Circulation is independent of the time 72 

73. Irrotational motion which is acyclic cannot become cyclic ... 73 

74. Reconcileable and irreconcileable lines 73 

75. Simply and multiply connected regions 73 

76. A multiply connected region is reducible to a simply connected one . 74 

77-78. Reduction of polycyclic velocity potentials to monocyclic functions . 74 

79. Vorticity 75 

80. Green’s theorem 76 

81. Deductions from Green’s theorem — Kinetic energy of a liquid . . 77 

82. Physical interpretation of Green’s theorem 78 

83. Liquid whose motion is acyclic and irrotational, is reduced to rest if the 

motion of the bounding surface is destroyed 78 

84. Extension of Green’s theorem to spaces bounded internally by several 

closed surfaces 78 

85. Kinetic energy of a liquid occupying such a region 78 

86. Adaption of Green’s theorem to two-dimensional space .... 79 

87. Stokes’ theorem a particular case of Green’s theorem .... 80 

88. Thomson’s extension of Green’s theorem 81 

89. Kinetic energy of an infinite liquid occupying a multiply connected space 82 


90, Kinetic energy of a liquid contained within a closed surface, is less 
when the motion is irrotational and acylic, than if the liquid had any 


other possible motion 83 

91. Kinetic energy when the motion is rotational 83 

92. Kinetic energy due to two vortex filaments is proportional to the electro- 

kinetic energy due to two electric currents ..... 84 

93. Another expression for the kinetic energy 85 

94. Kinetic energy in terms of Stokes’ current function .... 85 

95. Connection between vortex motion and electromagnetism ... 86 

Examples 89 



viii CONTENTS. 

CHAPTER V. 

ON THE MOTION OF A LIQUID IN TWO DIMENSIONS. 


ABT. PAGE 

96. Statement of problem 90 

97. Boundary conditions for a cylinder moving in a liquid .... 90 

98-101. Conjugate functions, and their properties 91 


102. Examples of conjugate functions — Circular cylinder moving in an in- 
finite liquid— Initial motion due to a circular cylinder in a liquid 
bounded by a fixed concentric cylinder — Motion of a liquid con- 
tained in a rotating equilateral prism — do. in a rotating elliptic 


cylinder 93 

103. Motion of a liquid contained in a rotating rectangular prism . . 96 

104-105. Motion of a liquid contained in a rotating sector .... 98 

106. Further applications of conjugate functions 100 

107. Motion of an elliptic cylinder in an infinite liquid 100 

108. Motion of translation of a cylinder whose cross section is the inverse of 

an ellipse with respect to its centre 102 

109. Expression of results in terms of elliptic functions .... 104 

110. Current function due to the rotation of the cylinder .... 105 

111. do. when liquid is contained within a cylindrical cavity of 

this form 105 

112. Application of results to the theory of conduction of heat and of 

electrified cylinders 106 

113. Motion of a cylinder whose cross section is the inverse of an ellipse 

with respect to its focus 106 

114. Motion of translation of a cylinder whose cross section is a lemniscate . 106 

115. Coefficients of cos nO in the expansion of (1 + 2c cos B + c^)^ . . . 107 

116. Motion of rotation of a cylinder whose cross section is a lemniscate . 109 

117-119. Motion of a cylinder whose cross section is a lemniscate of Bernoulli 109 
120-121. Dipolar coordinates 110 

122. Motion of two circular cylinders in an infinite liquid . . . .112 

123. Kinetic energy of an infinite liquid in which two circular cylinders are 

moving 113 

124. Expressions for the coefficients of the velocities 114 

Examples 115 


CHAPTER VI. 

DISCONTINUOUS MOTION. 


125-127. Statement of problems to be solved 120 

128-129. Representation of a vector by means of a complex quantity, and the 

properties of the latter 121 

130. Every complex has a differential coefficient 122 

131. ' Kirchhoff ’s method of solving problems of discontinuous motion . . 123 

132-133. Transformation by means of complex variables .... 124 

184. Particular oases of transformation 126 

135. Motion of a jet escaping from a slit 127 



CONTENTS. 


IX 


136. Motion of a jet escaping through a small tube 129 

137. Coefficient of contraction of a jet can never be less than J . . .130 

138. Stream of liquid flowing past a rectangular lamina. Pressure on the 

lamina 

139. Conditions of stable and unstable equilibrium of the lamina . . . 134 

140. Intrinsic equation of the surface of discontinuity 136 

Examples 135 


CHAPTER VII. 

ON THE KINEMATICS OF SOLID BODIES MOVING IN A 
LIQUID. 

141. Conditions to which the velocity potential must be subject . . . 137 

142. Boundary conditions for the case of a single solid 137 

143-144. Velocity potential due to the motion of a sphere .... 138 


145. 

do. due to the motion of the solid formed by the revolution 

of two spheres cutting orthogonally 

139 

146. 

do. 

due to the initial motion of two concentric spheres 

140 

147. 

do. 

due to the motion of an ellipsoid 

140 

148. 

do. 

due to the motion of an ellipsoid of revolution 

143 

149. 

do. 

due to the motion of a circular disc .... 

144 

160. 

do. 

due to liquid contained in a rotating ellipsoidal cavity . 

145 

151. 

do. 

due to liquid contained between two confocal ellipsoids 

145 


152. Magnetic potential of a spherical bowl 146 

153. Velocity potential due to the motion of liquid about a spherical bowl . 147 

154. do. due to a source situated on the axis of the bowl . . 149 

155. do. due to the motion of the bowl in an infinite liquid . 149 

156. Electro-static potential of a bowl placed in a field of force symmetrical 

with respect to the axis of the bowl 150 

157. Electro static potential when the bowl is placed in a uniform field of 

force parallel to the axis 152 

168. Interpretation of the result 163 

159. Electro-static potential when the bowl is placed in a uniform field of 

force perpendicular to a plane containing the axis .... 154 

160. Current function due to the motion of a solid of revolution parallel to 


its axis 155 

Examples 156 


CHAPTER VIII. 

ON THE GENERAL EQUATIONS OF MOTION OF A SYSTEM 
OF SOLID BODIES MOVING IN A LIQUID. 

161. The motion can be determined by Lagrange’s equations . . . 169 

162. Acyclic motion 169 

163. Kinetic energy is a homogeneous quadratic function of the velocities of 

the solids alone 160 



X 


CONTENTS. 


ART. page 

164. Proof that Lagrange’s equations oan be employed 161 

165. Impulse of the motion 162 

166. Hamiltonian equations 163 

167. Kirchhofif’s equations 164 

168-9. Geometrical equations 165 

170. Cyclic motion 167 

171. Kinetic energy is the sum of a homogeneous quadratic function of the 

velocities of the solids and a similar function of the circulations . 169 

172. Expressions for the generalised components of momentum due to the 

cyclic motion 170 

173. The modified Lagrangian function 171 

174. Interpretation of the result. Product of the circulation and density is 

a generalised component of momentum 175 

175. The fiux through an aperture relative to the solid is, the generalised 

velocity corresponding to the product of the density and the cir- 
culation through that aperture 176 

176. Modified function for a single solid having one aperture . . . 177 

177-178. Modified function for a system of cylinders 178 

179. Explanation of results 181 


CHAPTER IX. 

ON THE MOTION OF A SINGLE SOLID IN AN INFINITE 


LIQUID. 

180. General expression for kinetic energy 182 

181. Kinetic energy due to the motion of an ellipsoid and of a solid of 

revolution 183 

182. Motion of a sphere under the action of gravity 183 

183. Motion may become unstable owing to the formation of a hollow . . 185 

184. Initial motion of a sphere, when the liquid is enclosed within a con- 

centric spherical envelope 185 

185. Motion of a circular cylinder when there is circulation . . . .186 

186. Determination of the motion by means of Lagrange’s equations . . 188 

187. Motion of an elliptic cylinder 189 

188. Motion of a cylinder whose cross section is a curve such as a cardioid . 193 

189. Motion of an ellipsoid 198 

190. Stability and instability of steady motion parallel to an axis . . 194 

191. Calculation of the coefficients of inertia of an ellipsoid .... 195 

192. Motion of an ellipsoid when two of its axes remain in a plane . . 195 

193. Motion of a ring-shaped solid of revolution through whose aperture 

there is circulation 196 

194. Motion of a ring produced by an impulsive couple about a diameter . 197 

195. Angular motion expressible in terms of the time by means of elliptic 

functions 199 

196. Explanation of results by means of general principles .... 202 

197. Steady motion and stabfiity of a ring moving parallel to its axis . . 202 

198. Steady motion and stability when the centre of inertia describes a circle 203 

199-200. Helicoidal steady motion 205 

201. Stability of helicoidal steady motion 207 



CONTENTS. 


XI 


202. Expressions for the kinetic energy in the case of an isotropic helicoid 

and other solids 208 

203. Three directions of permanent translation for every solid . . . 209 

204. Wrenches and screws 210 

205. Infinite number of steady motions when the impulse consists of a twist 

about a screw 210 

206. Motion of a solid is determinate when the impulse consists of a couple 212 

Examples 213 


CHAPTER X. 

ON THE MOTION OF TWO CYLINDERS. 


207. Expression for kinetic energy 219 

208. Motion of a cylinder in a liquid bounded by a fixed plane . . . 219 

209. Ratio of initial to terminal velocity when the cylinder is in contact 

with the plane and is projected from it 221 

210. Conditions that the cylinder may or may not strike the plane . .221 

211-212. Motion of one cylinder when the other is fixed .... 222 

213. Motion of a cylinder in a liquid bounded by a fixed plane, when there is 

circulation 223 

214. Steady motion of a cylinder when the liquid is bounded by a horizontal 

plane 224 

215-216. Deduction of results from general reasoning 226 

Examples 227 


CHAPTER XI. 

ON THE MOTION OF TWO SPHERES. 


217. Kinetic energy consists of nine terms only 229 

218. Motion along the line of centres 230 

219. Calculation of the coefficients of the velocities in the expression for the 

kinetic energy, by the method of images 231 

220-221. Complete values of the coefficients 232 

222. Approximate values of the coefficients, in terms of series of powers of 

the reciprocal of the distance between the spheres .... 236 

223. Motion perpendicular to the line of centres 237 

224-225. Calculation of the coefficients by means of images .... 237 

226. Calculation of the images jUj, I'l, m i 239 

227. Transference theorem in spherical harmonics 240 

228. Kinetic energy depends solely upon harmonics of the first degree . . 242 

229. Calculation of the velocity potential, and of the approximate values of 

the coefficients 243 

230. Motion of a sphere in a liquid bounded by a fixed plane . . . 244 

231. Expressions for the components of the pressure upon the sphere . . 245 

232. Small oscillations of two spheres 246 

233. Oscillations of the second order. Thomson’s theorem .... 247 

234. Pulsations of two spheres 248 



xii CONTENTS. 

ART. 

235. Velocity potential due to pulsations, is equivalent to that due to an 

infinite system of images 

236. Formula for determining the pressure upon the spheres 

237- 238. Determination of that portion of the pressure which does not 

depend upon the square of the velocity 

238- 240. Approximate values of the velocity potential, and of the portion of 

the pressure which depends on the square of the velocity 
241. The spheres attract one another when their phases differ by less than a 

quarter of a period 

Examples 


APPENDIX. 

I. Propf of the equation p = 

II. Value of a q-series in terms of elliptic functions 

III. Determination of the azimuthal motion of a solid of revolution by 
means of Weierstrass’s functions 


ERRATA. 

Page 11 line 7 ready ff(lU’\-mV’\-nw)dS. 

„ 15 ,, 11 „ where for when. 

,, 31 § 35 „ fluid for liquid. 

,, 32 line 11 add, and taking account of (21). 

,, 39 „ 20 ready v for F. 

„ 46 ,, 8 „ n for TT. 

„ 51 „ 17 „ S' for H, 

,, 54 In the figure ready OR'H'S' for OR'H'S. 

„ 55 line 21 ready strength for density. 

,, 68 § 63 ready fluid for liquid. 

,, 70 § 68 Insert the letter I) in the figure. 

„ 80 line 14 ready wp for 2irp. 

„ 107 „ 2 from bottom ready for 

„ 108 „ 8, 14, 18, 19, 20 read, 2E and 2F for E and F, 

yy 110 „ 8 ready Jtt for Jir. 

„ 114 multiply the values of P, Q and L by p. 

,, 116 line 16 addy with unit velocity. 

,, 163 ,, 11 and p. 170 line 16 ready impulsive pressure. 

„ 187 „ 19 ready terms in p/p. 

„ 195 „ 5 „ is for be. 

„ 202 „ 1 and 2 from bottom ready A for a. 

„ 221 „ 13 ready ratio of the terminal to the initial velocity. 
„ 223 In the figure ready y for rj, 
yy 241 footnote read, Eugelfunctionen. 

„ 247 Une 13 ready 2B/C, P3/<P for 2B/c, 


PAGE 

249 

249 

250 
252 

255 

256 

259 

260 

261 



CHAPTER I. 


HYDBOKINEMATICS. 

1. The science of Hydrodynamics may be divided into two 
separate branches, viz. the motion of liquids and the motion of 
gases. The chief interest arising from the latter branch of the 
subject is due to the fact that air is the vehicle by means of 
which sound is transmitted, and consequently the discussion of 
special problems relating to the motion of gases belongs to the 
theory of sound rather than to hydrodynamics; it must also be 
recollected that in order to deal satisfactorily with many problems 
connected with the motion of gases, it is necessary to take into 
account changes of temperature and other matters which properly 
belong to the science of thermodynamics. In the earlier chapters 
of the present treatise the general theory of the motion of fluids 
is discussed, including those peculiarities of motion which are 
alike common to liquids and gases ; but the subsequent chapters 
are limited almost entirely to the consideration of special problems 
relating to the motion of liquids. 

In ancient times very little advance in hydrodynamics appears 
to have been made. In modern times the earliest pioneers were 
Torricelli and Bernoulli, whose investigations were due to the 
hydraulic requirements of Italian ornamental landscape gardening ; 
but the first great step was taken by D’Alembert and Euler, who 
in the last century successfully applied dynamical principles to 
the subject, and thereby discovered the general equations of 
motion of a perfect fluid, and placed the subject on a satisfactory 
basis. The discovery of the general equations of motion was 
followed up by the investigations of the great French mathe- 
maticians Laplace, Lagrange and Poisson, the first of whom has 
left us a splendid memorial of his genius in his celebrated Theory 
of the Tides. 

B. 
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HYDROKINEMATICS. 


The next advance was made by Poisson^ and Green*; the 
former of whom in 1831 discovered the velocity potential due 
to the motion of a sphere in an unlimited liquid, and the latter 
of whom in 1833, without a knowledge of Poisson’s work, discovered 
the velocity potential due to the motion of translation of an 
ellipsoid in an unlimited liquid. Green’s investigation was com- 
pleted for the case of rotation by Clebsch® in 1856. 

The velocity potential due to the motion of a variety of cylin- 
drical surfaces has also been discovered during the last fifteen 
years ; but a similar advance has not been made as regards the 
motion of two or more solids. The kinetic energy of a liquid due 
to the motion of two cylinders whose cross sections are circular, 
has been obtained by Hicks* and Greenhill®. The former has also 
written several valuable papers on the motion of two spheres®, 
which have placed this problem in a perfectly satisfactory con- 
dition. A complete discussion of the motion of two oblate or 
prolate spheroids whose excentricities are nearly equal to zero or 
unity, would be an attractive subject for investigation, and would 
throw light on the motion of two ships sailing alongside one 
another. 

In 1845 Professor Stokes ’ published his well-known theory of 
the motion of a viscous liquid, in which he endeavoured to account 
for the frictional action which exists in all known liquids, and 
which causes the motion to gradually subside by converting the 
kinetic energy into heat. This paper was followed up in 1850 by 
another®, in which he solved various problems relating to the 
motion of spheres and cylinders in a viscous liquid. Previously to 
this paper no problem relating to the motion of a solid body in a 
liquid had ever been solved, in which the viscosity had been taken 
into account. 

Since the time of Lagrange the essential difference between 
the motion of a fiuid when a velocity potential exists and when it 
does not exist had been recognised ; and an opinion very generally 

^ Mim, de VAcad, des Sciences. Paris, vol. xi. p. 521. 

* Trans. Roy. Soc. Edinburgh, vol. xiii. p, 54, 

* Orelle, vol. lii. p. 119. 

^ Quart. Joum., vol. xvi. pp. 118 and 193. 

* Ibid. vol. xvni. pp, 356 — 362. 

* Proc, Camb. Phil. Soc., vol. in. p. 276, vol. iv. p. 29, and Phil. Trans., 1880. 

^ Trans. Camb. Phil. Soc., vol. vm. p. 287. 

® lUd. vol. IX. part ii. p. 8, 
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prevailed that if at any particular instant some particular portion 
of the fluid were moving in such a manner that a velocity poten- 
tial existed, the subsequent motion of this same portion of fluid 
would always be such that the component velocities of its ele- 
ments would be derivable from a velocity potential. The first 
rigorous proof of this important proposition was given by Cauchy, 
and a different one was subsequently given by Stokes ^ but until 
the year 1858 no complete investigation respecting the peculiari- 
ties of rotational motion had ever been made. This was effected 
by Helmholtz® in his celebrated memoir on Vortex Motion, which 
may perhaps be considered the most important step in hydro- 
dynamics which has been made during the present century. The 
same subject was subsequently taken up by Sir W. Thomson* and 
the theory of polycyclic velocity potentials fully investigated. 
During the last six years important additional investigations on 
the theory of vortex rings have been made by Hicks* and J. J. 
Thomson*. 

The last twenty years have witnessed a great advance in 
hydrodynamics, and numerous important papers have been written 
by many eminent mathematicians both British and foreign, 
which will be considered in detail in the present work. 

We shall now proceed to consider the definitions and principles 
of the subject. 

2. A fluid may be defined to be an aggregation of molecules, 
which yield to the slightest effort made to separate them from 
each other, if it be continued long enough. All fluids with which 
we are acquainted may be divided into liquids and gases; the 
former are so slightly compressible that they are usually regarded 
as incompressible fluids, whilst the latter are very highly com- 
pressible. 

A perfect fluid is one which is incapable of sustaining any 
tangential stress or action in the nature of a shear ; and it will be 
shown in the next chapter that the consequence of this property 
is, that the pressure at every point of a perfect fluid is equal 
in all directions, whether the fluid be at rest or in motion. A 

1 Trans, Camh, Phil, Soc,, vol. vin. p. 305. 

2 Crelle, vol. lv. p. 25 ; translated by Tait, Phil, Mag, (4) zxxiii. p. 485. 

* Trans, Roy, 8oc, Edin,, vol. xxv. p. 217. 

* Phil, Trans,, 1881, 1884 and 1886. 

® Adams* Prize Essay, 1882. 
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perfect fluid is however an entirely ideal substan<s|' since all fluids 
with which we are acquainted are capable of offering resistance to 
tangential stresses. This property, which is known as viscosity, 
gives rise to an action in the nature of friction, by which the 
kinetic energy is gradually converted into heat. 

In the case of gases, water and many other liquids, the effects 
of viscosity are small ; such fluids may therefore be approximately 
regarded as perfect fluids. It will therefore be desirable to com- 
mence with the study of the motion of perfect fluids, reserving 
the consideration of viscous fluids for the second volume. 

There are certain kinematical propositions which are true for 
all fluids, and which it will be convenient to investigate before 
entering upon the dynamical portion of the subject. These 
propositions form the subject of the present chapter. 

3. The motion of a fluid may be investigated by two different 
methods, the first of which is called the Lagrangian method, and 
the second the Eulerian or flux method, although both are due to 
Euler. 

In the Lagrangian method, we fix our attention upon an 
element of fluid, and follow its motion throughout its history. 
The variables in this case are the initial coordinates a, 6 , c of the 
particular element upon which we fix our attention, and the time. 
This method has been successfully employed in the solution of 
very few problems. 

In the Eulerian or flux method, we fix our attention upon a 
particular point of the space occupied by the fluid, and observe 
what is going on there. The variables in this case are the 
coordinates a?, y, 2 : of the particular point of space upon which we 
fix our attention, and the time. 

Velocity and Acceleration, 

4. In forming expressions for the* velocity and acceleration of 
a fluid, it is necessary to carefully distinguish between the 
Langrangian and the flux method. 

I. The Langrangian Method, 

Let u, v, w be the component velocities parallel to fixed axes, 
of an element of fluid whose coordinates are a?, 3 /, z and x + 8 a?, 
y z^iz at times t and t + Bt respectively, then 

dx/dt = X, w = w=^z ( 1 ), 



VELOCITY AND ACCELERATION. 5 

where in formij% y, z we must suppose x, y, z to be expressed in 
terms of the initial coordinates a, 6, c and the time. 

If the axes, instead of being fixed, were moving with angular 
velocities 6^ about themselves, the component velocities 

would be given by the equations, 

u — x-y6^’^zQ^,'o-y — zQ^-^xQ^yW=^z-xQ^-\‘yQ^,.. ( 2 ). 

It should be noticed that x, y, i are the velocities of the fluid 
relative to the moving axes. 

The expressions for the component accelerations are 

f^=.u = x,fy = y,f,=^z (3), 

when the axes are fixed, and 

f^=^u-ve^-\-w0^,f^ = v--wd^+u0^,f^='U)-^u0^+ve^...(4i) 

when the axes are in motion. Here u, v, w must be supposed to 
be expressed in terms of a, 6, c and t 


II. The Flux Method. 

5. Let 8Q be the quantity of fluid which in time hi flows across 
any small area A, which passes through a fixed point P in the 
fluid ; let p be the density of the fluid, q its resultant velocity, and 
c the angle which the direction of q makes with the normal to -d, 
drawn towards the direction in which the fluid flows. Then 

SQ = pqASt cos e, 

therefore q = — 

^ p A cose dt 

Now A cos € is the projection of A upon a plane passing 
through P perpendicular to the direction of motion of the fluid ; 
hence 8Q is the independent of the direction of the area, and is 
the same for all areas whose projections upon the above-mentioned 
plane are equal. Hence the velocity is equal to the rate per unit 
of area divided by the density, at which liquid flows across a plane 
perpendicular to its direction of motion. 

The velocity is therefore a function of the position of P and 
the time. 

6. We may therefore put u = F{x, y, z, ^); whence if the axes 
are fixed, and if u + Su be the velocity parallel to x at time t-\-ht 
of the element of fluid which at time t was situated at the point 

iu = Fix + u8^, y -I- vU, z + wht, t + St) — Fix, y, z, t). 
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Therefore the acceleration, 

- Su du , du ^ du du 

Hence if djdt denotes the operator 

djdt + udjdx + vdjdy 4- wdjdz, 
the component accelerations will be given by the equations 

/« "“ 0^ > A ^ w* 


dt* 


When the axes are in motion let u + hu be the component 
velocity at time 1 4* parallel to the new position of the axis of x, 
of the element which at time t was situated at the point x, y, z\ 
then if Z7, V, W be the component velocities relative to the axes, 
hu = F{x + UUy y + VBt, z + ^ + Si) — F(Xy y, Zy i). 

Therefore 

hu _du jjdu 

Si dt^ dx^ dy dz * 

where the values of i7, F, W are given by (2). Hence if djdt 
denote the operator djdt Udjdx + Vdjdy + Wdjdz, the com- 
ponent accelerations parallel to the moving axes are given by the 
equations 

- ve, + we„ /, = I - wd,+ue,, /. = ^ -< + ve,...{^). 


Similarly it can be shown that if cr, 6, z be cylindrical coordi- 
nates, and tt, V, w be the component velocities measured in the 
directions in which the former quantities increase, 


where 


- _ 0M u’ /• _ uv ^ 


0 d , d V d d 

dt dt ^ dw ■ST dd ^ dz' 


(7). 


If (r, 0, <^) be polar coordinates and u, v, w be the velocities 
measured in the directions in which these quantities increase. 


- _ ^ v* + to’ 
r”' 


dv uv to* , » 


j, dw uw UV , ^ 

37 + + cot 0. 

dt r r 


.( 8 ), 


where 


d d 


d V d 


w d 
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The Equation of Continuity. 

7. Before proceeding further, it will be convenient to intro- 
duce the following lemma, which is a particular case of Green’s 
Theorem, which will be considered more fully in Chapter IV. 

Let f, y, f he any functions of x, y, z, which are finite and 
continuous at all points within a closed surface 8, then 

///(S + I + S) 

where the triple integral extends throughout the volume enclosed 
hy S, and the double integral is taken over the surface of 8^ and 
ly my n and the direction cosines of the normal at any point of 
8 drawn outwards. 

Integrating the left-hand side of (9) by parts we obtain 

where the brackets refer to the limits of integration. Now since 
the surface 8 is closed, it follows that any line parallel to x which ' 
enters the surface a given number of times must issue from it the 
same number of times, hence if I is positive at the point of 
entrance, it must be negative at the corresponding point of exit ; 
hence 

W^dydz-\=>Hl^dS. 

where the integration with respect to 8 extends over the whole 
surface. Treating the other two terms in a similar manner we 
obtain the theorem in question. 

8. If the motion of a fluid be continuous, it is evident that 
the increase in the amount of fluid within a fixed space, which 
takes place during any given interval, must be equal to the amount 
which flows in across the boundaries of that space. 

Let p be the density of the fluid at time ty then the increment 
during an interval ht in the mass of the fluid bounded by any 
fixed surface 8y 

./// j 

The amount of fluid which flows into 8 across the boundary, 

= ~ jjpilu + niv + nw) St d8, 
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by (9). Equating these two values of the increment, we obtain 

^ , d(p^) , d(jm) ^ Q 

dt^ dx dy dz 

This equation is usually called the equation of continuity. 

In the case of a liquid p is constant, whence 


du dv . dw 
d^'^ dy^ dz^^' 


.( 11 ). 


9. The same result is often obtained in a different manner, 
which we shall illustrate by finding the equation of continuity of a 
liquid referred to polar coordinates. 

Let % Vy w be the velocities in the r, 6, <j> directions, and let 
r® sin be a small element of volume. The quantity of 

liquid which in unit of time flows in across the face r®sin 0S6B<f) 

= pur^ sin 0BdS<j>. 

The quantity which flows out across the opposite face 

n 

= pwr^ sin 0B08(I) + psm0-^ (r\) BrB0B(j>. 

Hence the total loss 

= p sin ^ ^ SrB0B<f>. 


Equating the total loss due to the flow across all the faces of 
the element to zero, we obtain 


sin 0 


d (r*t«) d {v sin 0) dw 


+ r 




* ■ d0 

If cylindrical coordinates are employed, the equation is 
d{vsu) dv dw - 




,{12). 


.(13). 


10. In a large and important number of problems the quan- 
tity udx + vdy + wdz is a perfect differential whence 
u = dif>ldx, V = d<}>ldy, w = d4>ldz ; 
hence if ds be a linear element drawn in any direction, and q be 
the velocity in the same direction q = d<f>lds. The function ^ 
is called the velocity potential. 

Substituting the above values of % v, w in (11), we obtain 
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This equation is usually known as Laplace^s equation, and the 
operator V® as Laplace’s operator. 

The values of V® in polar and cylindrical coordinates are re- 
spectively, 


and 


dr^ r dr dff^ r* dd r* sin* 6 d<f>^* 
d* 1 

'UT d'GT w* dd* dz^ 


(15) , 

(16) . 


These results may be readily obtained by substituting the 
values of u, v, w in terms of in (12) and (13). 


11. The preceding forms of the equation of continuity are not 
convenient when the Lagrangian method is employed. To find an 
appropriate form, consider a small rectangular parallelepiped 
whose diagonal is PQ. Let a, 6, c, a + ha, b + hb, c + 8c be the 
coordinates of P and Q respectively. At the end of a time t, the 
fluid of which the parallelepiped is composed will form a dif- 
ferently situated oblique-angled parallelepiped. The volume of 
the latter = JSa Bb Sc, 

where J is the Jacobian of x, y, z and is equal to 

dx dy dz 
da^ da' da 
dx dy dz 
dh' db' db 
dx dy dz 
dc' dc ' dc 

Hence if be the initial density, and p the density at time t, 
the required equation is 

Jp = P, (17). 

In the case of a liquid p = p© and therefore 

/=! (18). 


The Bounding Surface, 

12. Besides the equations which must be satisfied within the 
interior of a fluid, it is necessary that certain other conditions 
should be satisfied at the boundary, which depend upon the 
special problem under consideration. 

If the fluid is bounded by a surface whose equation referred to 
axes fixed in space is F (x, y, z, t) = 0, the normal velocity of the 
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fluid at the surface must be equal to the normal velocity of the 
surface, hence the sheet of fluid of which the boundary is com- 
posed must always consist of the same elements of fluid. 
Hence 

F{x-\- u8t, y + vZty z 4- whty 0, 

and therefore 

dF dF dF dF ^ 
dt^^ dx^^ dy^^ dz 

If the boundary is fixed, the condition becomes 

lu-{-mv-\‘nw = 0 

If the axes be in motion, the condition is 


.(19). 

.( 20 ). 


dt'^ dx 


dF Tjr dF . 
+ F^+Tf^ = 0. 
ay dz 


( 21 ), 


where J7, F, W are the velocities of an element of fluid relative to 
the axes. 

It should be noticed that (19) or (21) must be satisfied by 
every surface which is composed of the same elements of fluid. 


lAnes of Flow and Stream Lines, 

13. Def. a line of flow is a line whose direction coincides 
with the direction of the resultant velocity of the fluid. 

The differential equations of a line of flow are 
dx _dy _dz 
u V w * 

Hence if Xi 0 = 0 = «2 ^wo in- 

dependent integrals, the equations Xi = const., ^2 = const., are the 
equations of two families of surfaces whose intersections determine 
the lines of flow. 

Def. a stream line, or a line of motion, is a line whose 
direction coincides with the direction of the actual paths of the 
elements of fluid. 

The equations of a stream line are determined by the simul- 
taneous differential equations, 

x = u, y — v, z = w, 

where x, y, z must be regarded as unknown functions of t. The 
integration of these equations will determine x, y, z in terms 
of the initial coordinates and the time. 
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14. If through every point of a small closed curve lines 
of flow be drawn, they will enclose a mass of fluid which may be 
called a tube of flow. 

Let us apply the lemma of § 7 to a portion of liquid bounded 
by a tube of flow and two planes perpendicular to it. Putting 
u = v = i], w = and taking account of (11), we obtain 

® =///(£ + ^ + S) =jj[lu + mv + nw) dz. 

At every point of the curved surface of the tube of flow, 
lu 4- TTiv 4- nw = 0 ; at the two ends this quantity is respectively 
equal to and - where q^ and q^ are the velocities of the 
liquid at the ends. Hence the surface integral = q^dS^ — q^dS^ = 0 ; 
whence the product of the velocity of a liquid and the cross 
section of a tube of flow is constant throughout the length of 
the latter. 

In the next place, a line of flow cannot begin or end in any 
portion of a liquid throughout which the velocity is flnite^ hut must 
either form a closed curve or have its extremities in the boundaries 
of the portion of liquid. 

For if a line of flow ended the liquid, it would be possible to 
draw a closed surface cutting a tube of flow once only. Hence 
lu~\-mv nw would be zero at every point of the closed surface 
excepting where it cuts the tube of flow, and therefore the surface 
integral would not be zero. 

15. When a velocity potential exists, the equation 

udx 4- vdy 4- wdz = 0 

is the equation of a family of surfaces, at every point of which the 
velocity potential has a definite constant value, and which may be 
called surfaces of equi-velocity potential. 

If P be any point on the surface, = const., and dn be an 
element of the normal at P which meets the neighbouring surface 

4- 8<^ at Qy the velocity at P along PQ will be equal to d(pldn\ 
hence d<j> must be positive, and therefore a fluid always flows 
from places of lower to places of higher velocity potential. 

The lines of flow evidently cut the surfaces of equi-velocity 
potential at right angles. 

16. The solution of hydrodynamical problems is much sim- 
plified by the use of the velocity potential (whenever one exists), 
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since it enables us to express the velocities in terms of a single 
function But when a velocity potential does not exist, this 
cannot in general be done, unless the motion either takes place 
in two dimensions, or is symmetrical with respect to an axis. 


In the case of a liquid, if the motion takes place in planes 
parallel to the plane of xy, the equation of the lines of flow is 

vdy — vdx = 0 (22). 


The equation of continuity is 
du 

which shows that the left-hand side of (22) is a perfect differ- 
ential d'^, whence 


— __ dy^ 



The function is called Earnshaw's current function. 


.(23). 


When the motion takes place in planes passing through the 
axis of z, the equation of the lines of flow may be written 

•ST (wdsT — udz) = 0 (24). 

The equation of continuity is 

d (sTu) dw ^ 


which shows that the left-hand side of (24) is a perfect differential 
dy^, whence 


1 dylr 1 dylr 

w= -f - , u= ^ 

•ST asT ST dz 


(25), 


where y^ is Stokes’ current function. 


17. The existence of a velocity potential function involves 
the conditions that each of the three quantities, 

dwjdy — dvjdzy dujdz — dwjdxj dvjdx ~ dujdyt 

should be everywhere zero; when such is not the case we 
shall denote the above quantities by 2^, 2r), 2^. The quantities 
f, Tjy for reasons which will be explained in the following 
chapter, are called the components of molecular rotation. They 
evidently satisfy the equation 
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Formulae of Transformation^, 

18. The equations connecting the components of molecular 
relation with the velocities are, 

^-t-% 

In order to obtain the equivalent equations when polar 
coordinates are employed, let r, 6, (f> 
be the coordinates of P, and let 
u, V, w and u + Bu, v Bv, w + Bw be \\ 
the velocities at the points r, 6, (f> \\ 

and r + Br, ^ + 80, </> + 8^ respec- 
tively, measured in the directions 
in which these quantities increase ; /\x\ 

also let u+Bu\ v-hBv\ w-\-Bw* be /x \ \ 

the velocities at the last mentioned // \ \ 

point parallel to the directions of J 

u, V, w. 

Let us choose the axes of a?, y, z — 

so as to coincide with the directions of r, 0, and 0 respectively, then 
dx = dr, dy = rd0, dz = r sin dd<f>, 

and therefore we at once obtain 

du dv' __ dv dw _ dw . 

dx ” dr ’ dx dr* dx dr ^ 

Let Q be a point whose coordinates are r, 0 + B0, <f>i then 
du («+§«^)cosa^-(*;+gs0)sina^-« 


■ d0^ cos 80 -h 80^ sin B0 — v 


1 TO w 
r d0 r 


1 Besant, Mess, of Math,, vol. xi. p. 63. 
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Let J? be a point whose coordinates are r, 6, <l> + S<f>; and let 
POR — h^y PTR=^h')^\ then 

= sin 0S<f>, = cos 0S(f>, 

Hence 


dz r sin dh<f> 

_ I du w . 

r ^in 0 d<f> r ^ * 

dv' (« + ^g<A)co83x-(M; + ^g^)smax^-t> 
dz r sin 0S<l> 

1 ( 38 ), 

rs\n0 d<f> r 

dv/ h^)coBH + (u+^ B<l>) sinBx+ (v+f^ sinS^-w 

dz r sin 0^^ 

1 dw u V . ^ .Q.v 

rsm0 dq> r r ^ 

Hence 


dw' 


1 dw 



1 

dv ■ 

dy 

dz 

r d0 

4- 

— cot 0 — 
r 

rsin 

ld4 

du' 

_div\ 

1 


du dw 

w 


dz 

dx 

r sin 

~0 

d^ dr 

r 

► 

d'd 

du' 

dv , 

V 

1 du 



dx 

dy ^ dr 

r 

r d0 


> 


.(35). 


19. If cylindrical coordinates tar, 0, z are employed ; let u, v, w 
and u + Su, V + Sv, w -i- Sw be the velocities at the points tzr, 0, z 
and ®r + Szj, 0 -j- 80, z + 8z respectively ; and let u + du\ v + dv 
be the velocities at the last mentioned point parallel to u and v. 


Then 


dx = cZbf, dy = 7ffd0, 

and 


du* _ du dif dv* dw dw 

dx d'or' dx d'sr" dx d'or ^ 

{Jso 

du' ^ 

+ ^0 ^ 80 “-u 

dy 

w80 


}_du^v 

HF d0 ‘BT 


( 37 ). 
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( 38 ) , 

( 39 ) , 

( 40 ) . 

.( 41 ). 


EXAMPLES. 

1. Find the equation of continuity in a form suitable for air 
in a tube, and prove that if the density be f {at — x) when t is the 
time and x the distance from one end of a uniform tube, the 
velocity is 

af{at — x) + {V— a) f{at) 
j {at — a?) 

where V is the velocity at that end of the tube. 

2. If the motion of a liquid be in two dimensions, prove that 
if at any instant the velocity be everywhere the same in magni- 
tude, it is so in direction. 

3. If every particle of a fluid move in the surface of a sphere, 
prove that the equation of continuity is 

^ cos 0 ^ (po) cos ^) + ^ (pw' cos 6) = 0, 

where p is the density, 6 and (f) the latitude and longitude of any 
element, and cd, ©' the angular velocities of the element in latitude 
and longitude respectively. 
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4. In the last example prove that if the motion is irrotational 
the velocity potential is equal to 

/ (log tan ^6 + i(l>) + F (log tan^^ — i(f)), 
where — 1 and /and F are arbitrary functions. 

6. An infinite mass of liquid is* bounded by the plane on 
which are small corrugations given by y = <^ (x). The velocity of 
the liquid at an infinite distance from the plane is parallel to x 
and equal to F. Prove that the velocity potential is 

6. In the general motion of a fluid, prove that if F is the 
normal acceleration at any point on a closed surface described in a 
fluid, 6 the expansion, cd the molecular rotation, and S the strain 
invariant 

fg hf— a® — 6® — c^ where /= dujdx, 2a = dwjdy + dvfdz, 

then ljFdS = + F + 2co‘ -2l'jda!dydz. 

7. Fluid is moving in a fine tube of variable section k, prove 
that the equation of continuity is 

where t; is the velocity at the point s. 

8. If F (x, y, z, t) is the equation of a moving surface the 
velocity of the surface normal to itself is 

- 4 . where i? = {dFjdxY + (dFIdyf + {dFIdzy. 

a at 

Hence deduce equation (19). 


9. If X, y and z are given functions of a, &, c and ty where a, 
h and c are constants for any particular element of fluid, and if 
Uy V and w are the values of Xy y, i when a, 6, c are eliminated, 
prove analytically that 


6?x 

df 


du , du , dw . du 
dt ^ dx^^ dy ^ dz ' 


10. Liquid which is moving irrotationally in three dimen- 
sions is bounded by the ellipsoid {^lay + {ylby + (z/cY = 1, where 
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a, 6, c are functions of the time, such that the volume of the 
ellipsoid remains constant. Prove that if the ellipsoid is rotating 
with angular velocities ©g about its principal axes, and 

u, V, w are the component velocities of the liquid parallel to the 
principal axes, the equation of continuity and the boundary con- 
ditions are satisfied if 



+ + ^ 


with similar expressions for v and w. 


11. If the lines of flow of a fluid lie on the surfaces of coaxial 

cones having the same vertex, prove that the equation of con- 
tinuity is ^ ^ ^ ^ ^ ^ 

12. Show that 

x^jiak^f + kf [{yjhy + [zlcf] = 1 
is a possible form of the bounding surface at time ^ of a liquid. 

13. The position of a point in a plane is determined by the 
length r of the tangent from it to a fixed circle of radius a, and 
the inclination d of the tangent to a fixed line. Show that the 
equation of continuity for a liquid moving irrotationally in the 
plane will be 

d^<f> 1 d<f> 1 d^(f> a* /d^(f> ^ 1 d<l> \ .cu (a __ 1 _ a 

dr* ^ r dr r® dff^ ^r* \d?"* r dr) r* \ drd0 r dO) 

Hence indicate a method of finding the motion of a liquid 
in the developable surface whose edge of regression is a right 
helix, pointing out any peculiarities of the motion. 


14. If the velocity potential of a liquid is of the form 
where nr, 9, z are cylindrical coordinates, 
prove that the equation of continuity is satisfied ii fy F,x satisfy 
the three equations 

where n and k are constants ; and hence show that 

= 24 cosh * (a — c) cos n (5 — a) f cos (/tr sia ea — ruo) dot. 

2 


B. 
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16. In the motion of a liquid in two dimensions, the velocity 
at any point is given by two components v, v' along the directions 
which pass through two fixed points distant a from one another. 
Show that the equation of continuity is 

dr^ dr 2rr' Sr) ^ r ^ r' ’ 

where r, r are the distances of any point of the liquid from the 
fixed points. 



CHAPTER 11. 

ON THE GENERAT. EQUATIONS OF MOTION OF A PERFECT 

FLPriT). 

20. It was stated in the preceding chapter, that the pressure 
at every point of a perfect fluid is equal in all directions, whether 
the fluid be at rest or in motion. It will now be shown that this 
property is the consequence of such a fluid being incapable of 
offering resistance to a tangential stress. 

Let ABGD be a small tetrahedron of fluid, and let p' be the 
pressures per unit of area upon 
the faces ABC and BCD. 

By D Alembert’s Principle, \ 

the reversed effective forces and / \ 

the impressed forces which act / \ 

upon the volume of fluid, together 

with the pressures upon its faces, \/ 

constitute a system in statical q 

equilibrium. The first two vary 

as the volume, and the last vary as the areas of the faces of the 
tetrahedron ; and therefore if the tetrahedron be made to diminish 
indefinitely, the former will vanish in comparison with the latter. 
Hence the tetrahedron will ultimately be in equilibrium under the 
action of the pressures upon its faces. 

Resolve the pressures upon the faces ABC and BOB parallel 
to AB. Since the projections of the two faces upon a plane 
perpendicular to AB are equal, the conditions of equilibrium 
require that p=p', which proves the proposition \ 

^ This proposition is true even in the case of viscous fluids, provided they are at 
rest. 


2—2 
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The Equations of Motion^. 


21. Let X, F, Z be the components per unit of mass of the 
impressed forces which act on the fluid ; p its density, and q its 
resultant velocity. Describe any imaginary closed surface 8 in the 
fluid, and let e be the angle which the direction of q makes with 
the normal to 8 drawn outwards. 


The rate at which momentum flows into fif, parallel to x, 
together with the rate of increase of the component of momentum 
parallel to x, of the fluid contained within S, must be equal to the 
component parallel to x of the impressed forces which act on the 
fluid within 8, together with the component parallel to x of the 
pressure upon the boundary of 8. 


The rate at which momentum flows into S, parallel to x, is 




fcy§7. 

The rate of increase of the component of momentum parallel 
to X of the fluid contained within 8 


= JjJ ^ (pu) dxdydz. 

The component parallel to x of the impressed forces 
= /// pX dxdydz. 


The component parallel to x of the pressure upon the boundary 
of 8, is 


-a^ldS flj^da!di/dz 


Whence 


which requires that 

y dp _ d(pu) d(pu*) d(puv) d{pwu)) 
^ dx^ dt ^ dx dy dz 


^ This method of obtaining the equations of motion is due to Prof. QreenhiU. 
See Eneyc, BriUy Art, Hydrodynamics, 
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Taking account of the equation of continuity § 8, (10) the 
right hand side of the last equation becomes equal to pdu/dt, 

XT dp du 


whence 


do! ^ dt 


Two other symmetrical equations can be obtained, by consider- 
ing the rate of change of momentum parallel to the other two 
axes, whence the equations of motion are 


Z- 


1 dp 

_du 


du 


du 



du^ 

p dx 

~di 

+ u 

dx 

+ v 

dy 

+ 

w 

dz 

1 dp _ 

_dv 


dv 


dv 



dv 

pdy ' 

~ dt 

+ tt 

dx 

+ v 

dy 

+ 

w 

dz 

Idp _ 

_ dw 


dw 


dw 



dw 

p dz 

~ dt 


dx 

+ v 

dy 

+ 

w 

dz . 


•in 


These equations together with the equation of continuity 
furnish four relations between the five quantities u, v, w, p, p. 


22. If the fluid be an incompressible liquid, p is constant, 
and the above mentioned equations together with the boundary 
conditions are sufficient to determine the motion; but in the 
case of a gas another equation is required, which is furnished 
by means of a relation which exists between p and p. 

When the motion of the gas is such that the temperature 
remains constant, we have by Boyle’s Law the equation 

P=kp ( 2 ), 

where fc is a constant. 

But when the motion is such as to cause a sudden compression 
or dilatation, an increase or decrease of temperature will be 
produced ; and if it is assumed (as is the case with sound waves), 
that the compression is so sudden that loss or gain of heat by 
radiation may be neglected, the required relation is 

= V (3). 

where 7 is the ratio of the specific heat at constant pressure to 
the specific heat at constant voluine\ This quantity for all 
gases has the approximately constant value 1*408. 


23. The expressions on the right hand of (1) are the ex- 
pressions for the component accelerations of an element of fluid ; 
it therefore follows that if F and / be the component force and 


^ This equation will be proved in the Appendix. 
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acceleration in any direction, and dpjdh be the space variation of 
the pressure, the equations of motion are of the form 

pdh P- 

Hence if the axes instead of being fixed are moving with 
angular velocities 0^, 0^, 0^ about themselves, the equations of 
motion will be obtained by employing the expressions for the 
accelerations given in § 6, (6), and are therefore, 

y dp _du rj 

p dx dt^ dx 

dv ^ ydv 

p dy dt^ ^ dx dy 


^ dxj'^^ dz + 

y ^ ^ v^ + W ~ -W0^+ ud}\ . . .(4). 


z 


. 1 + [T + F f: + Tf + .0. 


p dz dt 


dx 


dy 


dz 


24. Let us now suppose that the forces arise from a con- 
servative system whose potential is F. Since p is a function of 
p, we may put 



-V, 


and the left-hand sides of (1), will be respectively equal to 
dQJdx, dQjdy, dQfdz. If therefore we eliminate Q by diffe- 
rentiating the second equation with respect to z and the third 
with respect to y, we shall obtain 


^du dv 
dt^ ^ dx^ ^ dx 





where 97, f are the components of molecular rotation and 
0 = dujdx + dvjdy + dwjdz. Eliminating 0 by means of the equa- 
tion of continuity dpjdt + p0 = 0, and taking account of the two 
other equations which may be written down from symmetry, we 
shall obtain 

d /^\ du dv ^ ^ dw 

dt \p) p dx p dx p dx 

d /rj\ du dv dw 

dt \p) ^ p dy pdy p dy 

dt \p) p dz^ p dz^ p dz } 



25. It was stated in Chapter I., that in many important 
problems the motion is such that a velocity potential exists. 
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The condition that such should be the case is, that 17, ^ should 
each vanish. We shall now prove, that when the fluid is under 
the action of a conservative system of forces, a velocity potential 
will always exist whenever it exists at any particular instant. 


Let us choose the particular instant at which a velocity poten- 
tial exists as the origin of the time ; then by hypotheses f, 17, f 
vanish when ^ = 0 ; also the coeflScients of these quantities in (5), 
will not become infinite at any point of the interior of the fluid ; 
it will therefore be possible to determine a quantity X, which shall 
be a superior limit to the numerical values of these coefficients. 
Hence f, 77, f cannot increase faster than if they satisfied the 


8l(D-T(f+-> + 0. 


equations 

^ Cl \pj p 

But if f + 77 + f = fltp, we obtain by adding the above equations 

0n 


dt 


= 3zn, 


whence 


a = 


Now fi = 0 when t = 0 , therefore ^ =0; and since 12 is the 
sum of three quantities each of which is essentially positive, it 
follows that f, 77, f must always remain zero, if they are so at any 
particular instant. The above proof is due to Prof. Stokes\ 


26 . There is, as was first shown by Prof. Stokes, an important 
physical distinction in the character of the motion which takes 
place, according as a velocity potential does or does not exist. 

Conceive an indefinitely small spherical element of a fluid 
in motion to become suddenly solidified, and the fluid about it 
to be suddenly destroyed. By the instantaneous solidification 
velocities will be suddenly generated or destroyed in the different 
portions of the element, and a set of mutual impulsive forces will 
be called into action. 

Let 07, y, z be the coordinates of the centre of inertia G of the 
element at the instant of solidification, 07 + 07', j/ + z + / those 
of any other point P in it ; let ii, v, w be the velocities of 0 along 
the three axes just before solidification, v! v' , vS the velocities of P 
relative to G ; also let tZ, v, w be the velocities of <?, the 

relative velocities of P, and f, 77, f the angular velocities just 

1 “ On the friction of fluids in motion,*’ Section II. Trans. Cam&. Vhih Soc, 

VOl. VIII. 
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after solidification. Since all the impulsive forces are internal, 
we have 

H — u, v — v, w = w. 


We have also, by the principle of conservation of angular mo- 
mentum, "tm \y' (w, — w') — / (Vj — ■»')} = 0, &c. 
m denoting an element of the mass of the element considered. 


But M, = rjz' — fy', and v! is ultimately equal to 
du , du . du , 

and similar expressions bold good for the other quantities. Sub- 
stituting in the above equation, and observing that 

Xmy'e' = = Xnue'y' = 0, and Xmx'* — = 'Zmz'*, 

weWe 


We see then that an indefinitely small spherical element of 
the fluid if suddenly solidified and detached from the rest of the 
fluid will begin to move with a motion of translation alone, or 
a motion of translation combined with one rotation, according as 
ndx + vdy + wdz is, or is not, an exact differential, and in the latter 
case the angular velocities will be determined by the equations 


2 ? = 


dw 

d^ 


dv a du 


dw ^du 

dx * dx dy* 


On account of the physical meaning of the quantities f, i;, 
they are called the components of molecular rotation, and motion 
which is such that they do not vanish is called rotational or vortex 
motion; when they vanish, the motion is called irrotational. 


In the foregoing investigations, it has been assumed that the 
pressure is a function of the density and also that the fluid is 
under the action of a conservative system of forces ; it therefore 
follows that vortex motion cannot be produced, and consequently, 
if once set up, cannot be destroyed by such a system of forces. We 
shall presently show that the theorem is not true if the pressure 
is not a function of the density. If therefore by reason of any 
chemical action the pressure should cease to be a function of the 
density during any interval of time however short, vortex motion 
might be produced, or if in existence might be destrpyed. 
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Lagrange's Equatims, 

27. In Lagrange’s method the initial coordinates a, 6, c and 
the time are the independent variables, hence the equations of 
motion are 

dQ _ . dQ . . 

Multiplying the preceding equations by yay ^ay where the 
suffixes denote partial differentiation with respect to a, b, c, we obtain 
0, = + tJy, + m J 

wzA ( 6 ). 

Q, = J 

These equations together with the equation of continuity 
pj = p^y are Lagrange’s hydrodynamical equations of motion. 

Weber's Transformation. 

28. Integrating the right hand side of the first of (6) between 
the limits t and 0, the first term becomes 

J ux^ dt=j^ xx^ dt = (xx^f^ — xx^ dt 

where is the initial value of u. If we treat each of the other 
two terms in a similar manner and put 

x= [‘(Q + k") 

J 0 

where q is the resultant velocity of the liquid, we obtain 

dy 

+ + - (7). 


««. + - «'o = ^ J 

These equations together with the equation of continuity and 
dx/dt = Q -f ^2*, give five equations for determining x, y^ z^p, xi 
p being supposed to have been eliminated by means of (2) or (3). 

The above equations may be expressed in a different form, for 
multiplying by dJjdx^, dJjdx^y dJfdx^ and adding, we obtain 

1 / dJ dJ dJ \ dx /c\\ 

“ = 7 ^ 

with two similar equations. 
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29. Multiply (7) by da, db, dc and axid, and we obtain 

vdco + vdy + wdz — u^da — v^db — w^do = dx (9)- 

If at any particular instant which we shall choose for the 
origin of the time a velocity potential exists, u^da + v^db + w^dc 
will be a perfect differential ; hence if p be a function of p, dx will 
also be a perfect differential, which proves that if a velocity 
potential once exists, it will always exist ; but if p is not a function 
of p we cannot put Q == — F— dp, but must write 

for dxjda, in which case the right hand side of (9) becomes 




where d denotes space differentiation. The right hand side of (9) 
is no longer a perfect differential ; hence udcc -f vdy + wdz is not a 
perfect differential. 

If therefore the pressure function of the density, vortex 

motion can be generated destroyed in a perfect fluid moving 
under the action of natural forces. 


^^^^Gauchy's Integrals, 

30. Eliminating Q from th e last two of (6). we obtain 

u,x, - - 1 - v^y, - v,y^ + w,z, - = 0 . 

Integrate this equation with respect to t, and let be 

the initial values of u, v,w\ then 

, , dw^ dVf, 

, du du du 0 o 

Substituting these values of u^, u^,, &c., w^e obtain the equations 


^dJ 


dJ 

ydJ 



+ V 

dVa 


^dJ 





P 

dxt 

+ v 



’/o. 

^dJ 


dJ 

ydj 



+ v 

dy. 

+fs;- 

So* 
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Multiplying these equations by a?., and adding, and 

remembering that Jp = we obtain 


y = foy«+ w + ’ 

f o^'a + 

r 


( 10 ). 


These equations show that f, rj, ^ are always zero, if they are 
initially so. 


31. The equations of motion can be integrated whenever 
a force and a velocity potential exist ; for putting 

[dp 


Q-lf-v. 


and multiplying (1) by dx, dy^ dz respectively and adding, we 
obtain 


du . dv . , dw . 
dQ = ^^dx + ^^dy + -^^dz. 


dt 


dt 


Now in the present case 

du du , du , dv dw 
dt ^ di ^ dx dx^^ dx 

where q is the resultant velocity. Integrating, we obtain 


(11). 

where is an arbitrary function. 


32. Def. a vortex line is a line whose direction coincides 
with the direction of the instantaneous axis of molecular ro- 
tation. 

The differential equations of a vortex line are thus 
dx dy dz 
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ClehscKs Transformation^, 


33. When a velocity potential does not exist, a first integral 
of the general equations of motion can be obtained by means of a 
method which depends upon the analytical theorem, that if Uy v, w 
are any given functions of a?, y, z it is always possible to determine 
three quantities <f>, x> s^ch that 

udx + vdy + wdz =d(j> + \dx (12). 

In order to prove the theorem, let u\ v\ w\ (f> be four quantities, 
such that 

u — u* + (l>^y v = + = w 

These equations involve three relations between the four 
quantities u\ v, w\ ^ and are therefore insufficient to determine 
them as functions of u,VyW; we may therefore assume any relation 
between u\ v\ w' which may be convenient. Let us therefore 
suppose that 

u' {Wy - H- v' {u\ - + vf (vj - u'y) = 0. 


dy^^dy’^ dz^^dz 


.( 13 ). 


This is the condition that u'dx + v^dy + wdz should have an 
integrating factor, we may therefore put this quantity equal to 
\dx which proves the proposition. It therefore follows that, 
dd) ^ dy 

The components of molecular rotation are given by the 
equations 

= ( 14 ). 

j 

The form of these equations shows that the vortex lines are 
the intersections of the surfaces \ = const., x = const. 

Now V 

dt dx \dt ^ dt}^ dt^’^ dt 


Therefore 


dt '’dx\dt^ 



. du . dv dw 

dx dx dx 

, 0\ 0 Y . 

•••• 


dt 


( 16 ). 


^ CrelUy vol. lvi. p. 1. See also Hill, Quart, Journ, vol. xvii ; Tram, Camb, 
Phil, Soc, vol. XIV. p. 1 ; Phil, Tram, 1884, p. 363 ; Proc. Land, Math, Soe, 
vol. XVI. p. 171. 
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Putting + ^ + + (16), 


and substituting the values of dKjdt and dQJdx from (16) and (16) 
in (1), we obtain 


dH d\ d)^ 

dx ^ dt dt 


\. = 0 


(17), 


with two similar equations. 


.(18). 


Multiplying by f, 77, ^ and adding, we obtain 

,dH ^ dH^^dH . 

+ = " 

If ds be an element of a vortex line, and ci) be the resultant 
molecular rotation, the operator is equal to (odfds, whence in- 
tegrating along a vortex line, we obtain 

+ 

Writing for a moment P ^dXjdt, R = dx/dt and eliminating H 
from (17), we obtain 


^ yX* “■ ^xXy + ~ ® 

Pay ~ - PyXi + Py\ = ^ 

PxXz - -P,Xr + = 0. 

Multiplying these equations in order by \ and adding 

and taking account of (14), we obtain 

fP. + i7P,+ ?P. = 0 (20). 


If X, y, z be any point on the surface X = u4, where A is an 
absolute constant, and if f/o>, 77/0), f/o) be the direction cosines of 
the vortex line at this point ; equations (14) and (20) show that this 
vortex line lies on the surfaces \ = A and X + d\/dt ,dt = A, which 
is impossible unless dX/dt = 0. Similarly dxl^t = 0 ; whence the 
surfaces X and x therefore the vortex lines are always composed 
of the same elements of fluid. This important theorem was first 
established by Helmholtz^ 


Hence it follows from (17) that P, are each equal to 

zero, and therefore H is b, function of the time alone; whence the 
pressure is determined by the equation 


/f 


+ + + = F(t) (21). 


^ Grelle, vol. lv. and PhiL Mag. (4) vol. zxxiii. p. 485. 
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84. We can now show that in the case of a liquid, the 
integral 

JjJK^+r) dtdxdydz (22), 

is a maximum or minimum, where the value of p/p + K or — Q is 
given by (21), and the time remains invariable. 

For SQ = uhu + vhv + whv + -f ^ + X , 

at at at 


and 


ax ax ax 


Therefore 

SSjjuhu dtdxdydz = ///u (B(f> + \Bx) dtdydz 


Omitting the triple integrals which refer to the boundary we 
see that the first three terms of S ^ give rise to the terms 

////{(«x. + ^ + wX.) Sx 

— 0 (S(f> + XS;^)} dtdxdydz, 

which 




where 


dll dv dw 
dx^ dy^ dz ’ 


Also the last three terms of SQ (omitting triple integrals) give 
rise to 

Whence 

JjJJsQ dtdxdydz = JJj S\ — ^Sx-0 (S<f> + XSx)| dtdxdydz 

+ triple integrals. 

In order that the quadruple integral should vanish, we must 
have 0 = 0, dxJ^t = 0, d\/dt = 0, which by virtue of the equation of 
continuity and § 33 is obviously the case. 
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On the Application of the Principles of Energy and Least Action, 


35. Let 8 be any imaginary closed surface, which is fixed in 
the fluid. The work done during a small interval ht upon the 
liquid contained within fif, by the impressed forces which act 
upon its mass, together with the work done by the pressure upon 
the boundary of /S, must be equal to the increase during the 
interval ht of the kinetic energy of the liquid contained within /S, 
together with the kinetic energy which, during the same interval, 
flows into 8 across the boundary. 


The work done by the impressed forces 


-M 


dV dV dV 

U-J~ -^v 7— -f T~ i 

ax ay dz J 


^ htdxdydz. 


The work done by the pressure upon the boundary 
= — // 2? {lu 4- mv + nw) U dS 

■ “/// 

by § 7. Hence the total work done 

Let T be the kinetic energy per unit of mass, so that 
T = ^(u^ + if + w’‘). 


The increase in the kinetic energy of the liquid contained 
within S 

~ /// ^^dt ~ dxdydz. 

The amount of kinetic energy which flows into 8 
= // pT(lu + inv + nw) 8t dS 

^ ///{i i ^ 

Taking account of the equation of continuity § 9 (10) the total 
increase in the kinetic energy 

= JJJp ^ Ztdxdydz. 
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Whence JJIp (^-u^ + v^-«,^')stda!dyd, = 0 


which requires that 

dT dQ dQ dQ 



If we substitute the vahies of u, v, w from (13), we find that 
dT 


dt 




' dy ^ dz) 

+ («X. + % + ^ + wX.) ^ . 


The last two terms vanish by § 33, whence (23) becomes 

Now if (fo be an elementary arc of a stream line u = qdxjds, &c., 
and the operator is therefore equal to qd/ds. Integrating along a 
stream line, and restoring the values of Q and T, we obtain 

36. The equations of motion may be deduced, as Mr Larmor 
has shown, by means of the Principle of Least Action combined 
with the Lagrangian method. 

Let a, y, z be the coordinates at time t of an element of fluid 
whose initial coordinates are a,h, c; the Principle of Least Action 
requires that 

//// {hp + f + “ Vp} dt dxdydz 

should be a maximum or minimum subject to the condition that 

j_ d{x,y,z) _p^ 
d (a, b, c) p ' 
where the time of the motion is constant. 

Hence if \ represent an undetermined function of x, y, and z 
we must have 

Taking the variation of the first two terms, we obtain 
fill dadhdc. 
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Integrating by parts and omitting the triple integrals, this 


If Jfj, if,, if, be the minors of dxjda, dxjdh, dxjdc in J 

y> <i) _ M . If . M dhx 
d(a, h, c) da dh ’ 


'dM, ^ 
da '^dh'^ 
dK 


:)' 


dc / 
hxdtdadhdc. 


whence, omitting triple integrals, 

The first term in brackets vanishes, and the second term is 
equal to JdK/dx, 

whence — jjj | ^ (a 6^) 

= III f ^ ^ Jdtdadbdc. 


Hence the conditions of the problem require that 


^ + ^_?o^ = 0\ 

dx n dx 


..^dV 

y*dy- 

dV 


p dx 

PodX 

' p dy' 


(24). 


Now X, y, z are the component accelerations of the element 
whose coordinates are x^ y, z, and are therefore equal to 3 m/3^, 
dvjdty and dwjdt respectively ; and when we interpret — \p^ which 
must represent the pressure, equations (24) are the equations of 
motion in the ordinary form. 


On Steady Motion. 

37. When the motion is steady dujdty dvjdt and dwjdt are 
each zero. In this case the general equations of motion can be 
integrated without having recourse to Clebsch’s transformation. 
It will however be necessary to distinguish between irrotatioual and 
rotational motion. 
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The general equations of motion may be written, 


du du . do* a , a 


dx 


dx 




UU \JUU - 

dt ~di^ dy 


dy 




dt '' 




.( 26 ). 


When the motion is steady and irrotational u, v, w, f, y, f are 
each zero; whence, multiplying by dx, dy, dz, adding' and inte- 
grating, we obtain 

<2 = 4?*-c^, 

or f^+V + iq^=C (26). 

J P 

In this case the quantity G is evidently an absolute constant. 


When the motion is rotational, let d$ be an element of a stream 
line, then 


u 






w 



Multiplying the general equations by u, v, w and adding, 

, . dQ d(f 

we obtain 


whence J~+ V+ig^ = A (27). 

This is Bernoulli’s Theorem. 

Since we have integrated along a stream line, the quantity A 
is not an absolute constant, but a function of the parameter of a 
stream line: in other words if -tlr = const., = const, be two surfaces 
whose intersections determine the stream lines, -4 is a function 
of ylr and x- 


38. Let us now consider the steady motion of a liquid^ Which 
is symmetrical with respect to the axis of The vortex lines 
will evidently be perpendicular to every plane through the axis 
of z, hence by § 19 (41) the molecular rotation to will be determined 
by the equation 

a _du dw 

1 Stokes, **On the steady motion of incompressible fluids,” Trans, Camb. Phil, 
See. Yol. vn. p. 439. 
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Substituting for u and w their values in terms of Stokes’ 
current function yjr, § 16 (25), we obtain 

» <^«)- 

The equations of motion are 

dQ du du id(g*) , _ 

atsr az ^ dz 

Eliminating Q — we obtain 

c?o> (du ^ dw\ . 

u i- + w?:r+®(x“ + ~;r)=0 (29). 

ao- dz \disT dz/ 

The equation of continuity § 9 (13) is 

du dw u 

d'fsr^ dz tsr * 

whence (29) becomes 

d<o . dft) uto ^ 

u— ■\-w j =0, 

d'ST dz rsr 

O' (4-^4);=“ <“>■ 

Substituting the values of u, w and a> in terms of >|r, (30) 
becomes 

(d;^ d__if d\nfd'‘yfr (P^lr 

dnr dcr dzj V* « derj} ' ’ 

A first integral of this equation is evidently 

m 

whence by (28) 

2(0 + 'cj/('i|r) = 0 (33). 

When the motion takes place in two dimensions, we shall, in 
exactly the same way, arrive at the equations 



"^ 0“0 


3—2 
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a first integral of which is 



•whence by (34) 

= 0 (37). 

39. The subject of the steady motion of a liquid has been 
treated in the following manner by Clebsch\ 

Let b and c be any functions of a?, y, z and t ; then if the 
suffixes denote differentiation with respect to x, y and we may 
evidently put 

u = V = w = (38), 

for these values of % v and w satisfy the equation of continuity. 
From (38) we deduce 

+ w&, = 0) 

VC^+WC^ — 0) ^ 

hence the stream lines are the intersections of the surfaces 
h = const., c = const. 

Putting 2 T = -w* H- i;* + ti?*, 

and multiplying equations (25) by dx, dy, dz respectively and 


adding, we obtain 

dQ — dT = M^dx + M^dy + Mjiz (40), 

where = — v (v* — (w, — = — 2i;f + 2 ^ 97 , 

with similar expressions for and From the values of M^y 
M^y ifg it follows that 

-f JfgV + ilfgW = 0 (41). 


Eliminating Uy v, w from (39) and (41), we obtain 

c, =0- 

M^, h^, Cy 

My, by, c. 

Hence we may put 

+ (42), 

= 56, + (7c J 

where B and C are quantities whose values we shall hereafter 
determine ; (40) may now be written 

^ CrelUy vol. liv. p. 293. 
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dQ-dT-B {bja + h^dy + b^dz) + C {cjbc + c^dy + cdz), 
or dQ — dT = Bdb + Gdc (43). 


Since the left-hand side of (43) is a perfect differential, the 
right-hand side must be so also, whence if jF be a function of b and 
c, we must have 


^~db ’ dc 


(44), 


and therefore Q — T=F(b,c) (45) 

is an integral of the equations of motion. 


When the motion is irrotational, JIf,, and therefore B 

and C are each zero, and therefore is an absolute constant. 


40. We must now find the values of B and G. If we sub- 
stitute the values of u, v and w from (38) in the expression for T 
and differentiate partially, we shall obtain 


db^ 

dT 

db'' 


= - VC, + wc^, 

= -wc^ + uc„ 

- MC„ + VC„ 


whence 


^ (dT\ d (dT\ d fdT\ 

dx \dbj dy \dhj dz \dbj 
= - Cx (w, - V,) - e, {u, - wj - c, (v, - M„) 


= -2(cJ + c,v + c,0. 

From the first two of equations (42), we obtain 


Bw = — il/jC, 

= 2c,( — v^+ wrj) - 2c, ( — wf -I- mO 

= 2nuicJ^+c^y + cX) 


by (39). 


Therefore 

da!\dbj dy\dbj dz\dbj 


d^ 

db ■ 


...(46). 


Similarly 

A (^\ 4. ^ (^\ +-^ G — 

dx \dcj dy Vdc,/ dz \dcj dc 


....( 47 ). 
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41. By means of the preceding equations it can be shown 
hat the conditions of steady motion make 

mT-F)dxdydz 


maximum or minimum. 


(IT 

For BT=^Bb^+&c., 

ms. *^'*2'* -i!§. -///s © 

Whence, omitting the double integrals which refer to the 
boundary, we obtain 

flfsTd^dych - -///{^© + + S©} **’'*!'* 

by (46) and (47) ; whence 

/// S(T-~F) dxdydz = 0, 
which proves the proposition. 

Impulsive Motion, 

42. Let Uy V, w and u\ v\ w' be the velocities of a fluid, just 
before, and just after the impulse ; p the impulsive pressure. Then 
if S be any closed surface, the change of momentum parallel to 
Xy of the fluid contained within fif, must be equal to the component 
parallel to x of the impulsive pressure upon the surface of 8. 
Hence /// p {v! — u) dxdydz = — JfpldS 


Therefore 




Similarly P ^ > (^^)* 

Multiplying by dx, dy, dz and adding, we obtain 

= (u' -‘u)dx-\- (v' -’V)dy+ (w' ’-w)dz (49). 
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In the case of a liquid p is constant, whence differentiating 
(48) with respect to x, y, z respectively, and taking account of the 
equation of continuity, we obtain 

V> = 0. 

If the liquid were originally at rest it is clear that the motion 
produced by the impulse must be irrotational, whence if ^ be its 
velocity potential, we must have 

(50). 

Examples and Applications. 

43. A mass of liquid whose external surface is a sphere of 
radius a, and which is subject to a constant pressure 11, surrounds a 
solid sphere of radius b. The solid sphere is annihilated, it is 
required to determine the motion of the liquid. 

It is evident that the only possible motion which can take 
place is one in which each element of liquid moves towards the 
centre, whence the free surfaces will remain spherical. Let R\ R 
be their external and internal radii at any subsequent time, r the 
distance of any point of the liquid from the centre. The 
equation of continuity is 

whence r\ = F(t). ^ 

The equation for the pressure is 

1 dp ^ 

p dr di dr 

r* ^ dr 

whence ^ = A + - - -- — 

p r 

when r = R', p = Tl, and when r = R, p = 0, whence if F, V' be 
the velocities of the internal and external surfaces 

Since the volume of the liquid is constant, 


also 



40 


EQUATIONS OF MOTION. 


whence 






- 1 . 


Putting ^ = jB‘F*, multiplying by 2i2“ and integrating, we 


obtain 


n(ie»-y) _ 

^ pR* ~ 


_ i] 


which determines the velocity of the inner surface. 

If the liquid had extended to infinity, we must put c = oo , and 

we obtain = , 

whence if t be the time of filling up the cavity 

/^u R^ dR 


/3^ R^ 
~y 2nio7^ 

= 6./^ £it) 
V en r a) 




V en r (I) • 

The preceding example may be solved at once by the Principle 
of Energy. 

The kinetic energy of the liquid is 

27 rp J rVdr = 27 rpF‘'*iJ* J ^ 

= 27rp 

The work done by the external pressure is 

r r‘dr = IOtt (a* - R'^) 

JR 

= in,r( 6 »-ie»), 

whence iU (V - iJ’) = V^R*p ft — rl . 

(J? + o')*3 


44. The determination of the motion of a liquid in a vessel of 
any given shape is one of great difficulty, and the solution has 
been effected in only a comparatively few number of cases. If, 
however, liquid is allowed to flow out of a vessel, the inclinations 
of whose sides to the vertical are small, an approximate solution 
may be obtained by neglecting the horizontal velocity of the 
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liquid. This method of dealing with the problem is called the 
hypothesis of parallel sections. 

Let us suppose that the vessel is 
kept full, and the liquid is allowed to 
escape by a small orifice at P. Let h 
be the distance of P below the free 
surface, and z that of any element of 
liquid. Since the motion is steady, 
the equation for the pressure will be 

r 

Now if the orifice be small in comparison with the area of the 
top of the vessel, the velocity at the free surface will be so small 
that it may be neglected ; hence if IT be the atmospheric pressure, 
when z = 0, p = Il, v==0 and therefore O—U/p. At the orifice 
p = n, z = h, whence the velocity of efflux is 

and is therefore the same as that acquired by a body falling from 
rest through a height equal to the depth of the orifice below the 
upper surface of the liquid. This result is called Torricelli's 
Theorem, 

45. Let us in the next place suppose that the vessel is a 
surface of revolution, which has a finite horizontal aperture, and 
which is kept fullS % 

Let A be the area of the top AB of the vessel, U the velocity 
of the liquid there ; let K, u] Z,v he similar quantities for the 
aperture CD, and a section ah whose depth below AB is z: 
also let h be the depth of CD below AB, 

The conditions of continuity require that 

AU=^Ku^Zv, 

and since the horizontal motion is neglected, the 
equation for the pressure is 

^ dp _ dv 

p dz^ ^ dt ^ dz' (TT jb 

Now U and u are functions of t alone, whilst Z \ / 

C 0 

is a function of z only, whence 

dv _ A dJJ _ ^ ^ 
dt^ Z dt Z dt ' 

^ Besant^s Hydromechanics, 
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whence 




when z = 0,p = 'n.,v= U, therefore 

II 


r 


when ^ = A, jp = n, V = w, whence if dzy 


n 


whence 


= F(t) •\^gh — Aa tJ — 


Putting {AjKf — 1 = 2m, 2jghm = aa, and integrating, we 
obtain 

jj-a^ 

u- 




^ghG__: 


m G-{- 

where G is the constant of integration. Now initially U = 0 since 
the motion is supposed to begin from rest, therefore (7 = 1, and we 
obtain 


U = 

= tanh t Jghmja, 


The velocity of efflux is 


» ^ (1 + 2m) ^ tanh t Jghmja. 


After a very long time has elapsed tanh Wghmja becomes 
equal to unity, and if K be very small compared with A, m = oo , 
and we obtain Torricelli's Theorem 

u = J2gh, 
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EXAMPLES. 

1. A FINE tube whose section & is a function of its length s, in 
the form of a closed plane curve of area A, filled with ice is moved 
in any manner. When the component angular velocity of the 
tube about a normal to its plane is XI, the ice melts without change 
of volume. Prove that the velocity of the liquid relatively to the 
tube at a point where the section is K at any subsequent time 
when G) is the angular velocity is 

where 1/c = fk^^ds, the integral being taken once round the tube. 

2. A centre of force attracting inversely as the square of the 
distance is at the centre of a spherical cavity within an infinite 
mass of liquid, the pressure on which at an infinite distance is -or, 
and is such that the work done by this pressure on a unit of area 
through a unit of length, is one half the work done by the attractive 
force on a unit of volume of the liquid from infinity to the initial 
boundary of the cavity ; prove that the time of filling up the cavity 
will be 



a being the initial radius of the cavity, and p the density of the 
liquid. 

3. In the case of the steady motion of a gas issuing symmet- 
rically and subject to no forces, neglecting changes of temperature ; 
prove the following relation between the velocity v and the 
distance r from the centre ; 

iiTTvr^ = Q exp (v^ — u^)l2k, 

where Q is the quantity of gas that issues per unit of time, k is 
the constant ratio of the pressure to the density, and u is the 
velocity at points where the pressure is k 

4. In the steady motion in one plane of a liquid under the 
action of natural forces, prove that 

vV^u — uV^v = 0 , 

V^ = cP/da>^ + d:^/dy\ 


where 
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6. Jets of water escape horizontally from orifices along a 
generating line of a vertical cylinder kept always full. Show that 
(to axes inclined at an angle Jtt to the vertical) the equation of the 
lines of equal action for unit mass of water is of the form 

+ y — a . 

Show also that the line of equal time for particles of water 
issuing simultaneously from the orifices, is the free path of the 
water which leaves the vessel by an orifice at a depth below the 
surface equal to that time. 

6. A cistern discharges water into the atmosphere through a 
vertical pipe of uniform section. Show that air would be sucked 
in through a small hole in the upper part of the pipe, and explain 
how this result is consistent with an atmospheric pressure in the 
cistern. 

7. A mass of liquid is moving so that the velocity at any point 
is proportional to the time, and the pressure is given by 

p/p = pxyz - + a?y) ; 

prove that this motion may have been generated from rest by finite 
natural forces independent of the time, with suitable boundary 
conditions ; and show that if the direction of motion at every point 
coincides with the direction of the impressed force, each particle of 
liquid describes a curve which is the intersection of two hyperbolic 
cylinders. 

8. Water is revolving with angular velocity w in a smooth 

fine circular tube of radius a which it completely fills, and which 
rests on a horizontal plane. If the tube be made to revolve with 
uniform angular velocity to about a pivot 0 in its plane, show that 
the absolute angular velocity of the water round the centre C of 
the tube is unaltered. Also if w be the average pressure of the 
water throughout the tube, show that the mean pressure of the 
water for a section through any pointP of the tube is w + pacco'^ cos 6, 
and that the resultant pressure on the tube at P per unit of length 
is mvrifia + macD® -f cos 6, where 6 is the angle between OP 

and 0 G produced, c = 00, m is the mass of water which would 
fill a unit length of the tube, and pu that of a unit volume of 
water. 
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9. Prove that the equations of motion of a fluid referred 
to moving axes may be expressed in the form 

1 dp „ . dw , dw , d« . du . 

p ^ ^ + di + “ d« + ^ ^ , 


“ («/ + ©8*) SC - ((ig - y + (©g + ©3©j) ^ = 0, 

and two similar equations: where u, v, w are the component 
velocities of the fluid relative to the moving axes whose component 
angular velocities are ©j, ©g, ©g. 


10 . A solid sphere of radius a is surrounded by a mass of 
liquid whose volume is 47 rcV 3 , and its centre is a centre of attractive 
force varying directly as the square of the distance. If the solid 
sphere be suddenly annihilated, show that the velocity of the inner 
surface when its radius is a?, is given by 

{(*’ -f - ^} = (^ + 9 {a? -!d){(? + ar)\ 

where p is the density, 11 the external pressure and p the absolute 
force. 

11 . Prove that if m be the impulsive pressure, (f> the 
velocity potentials immediately before and after an impulse acts, V 
the potential of the impulses, 

w p = const. 


12. A mass of compressible fluid is arranged in concentric 
spherical layers round a point under its own gravitation. Show 
that if radial vibrations be set up, the displacement z of an element 
is given by 

1 d^z _ d^z /y dp 2 \ dz ^ / 2 — 7 c?p , 1 \ ^ 
kypy'^ df ~~ dr^ ^\pdr^rjdr \ p dr'^ r) r* 
the pressure and density being connected by the equation p = kpy, 
and p in the differential equation being the density of the element 
when at rest. 

13. If p denote the pressure at any point of a liquid moving 
irrotationally in two dimensions, under the action of a conservative 
system of forces, prove that 

V*logV“p = 0. 

14. The surface of a vessel consists of two equal right cones, 
height 2 c, with coincident bases ; it is fixed with its axis vertical 
and filled with water to half way up the axis of the upper cone, the 
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air above this level being initially at atmospheric pressure and the 
vessel closed. The water flows out of the vessel from a ring of 
apertures on the level of bisection of the axis of the lower cone. 
On the hypothesis of parallel sections, obtain a differential equation 
for the velocity of efflux, while the free surface is above the 
midway point, and show that one equation to find its maximum 
value in this stage is 

[1 — {c/(2c - a?)}*] — 2^ (c -f 0 ?) = 27r [{c/(2c - a?)}® - 1] 
where x — height of surface above midway point. 

15. If the motion of a homogeneous liquid be given by a 
single valued velocity potential, prove that the angular momentum 
of any spherical portion of the liquid about its centre is always zero. 

1(5. Homogeneous liquid is moving so that 
u = f^x-\-ay, V — w — 0 , 

and a long cylindrical portion whose section is small and whose axis 
is parallel to the axis of z is solidified and the rest of the liquid 
destroyed. Prove that the initial angular velocity of the cylinder is 

- .la - 2iV ^ 

where B, F are the moments and products of inertia of the 
section of the cylinder about the axes. 

17. Liquid is contained between two parallel planes ; the free 
surface is an elliptic cylinder whose axis is perpendicular to the 
planes, and the semi-axes of whose section are a^, 6^. All the 
liquid within a confocal elliptic cylinder, the semi-axes of whose 
section are is suddenly annihilated ; prove that if H be the 
pressure at the outer surface, the initial pressure at any point of 
the liquid is 

JJ log (^+ 6 ) - log (a, + 6,) 
log (a, + 6,) - log (aj + ’ 

where a and 6 are the semi-axes of a confocal cylinder through the 
point. 

18. Fluid is contained within a sphere of small radius ; prove 
that the momentum of the mass in the direction of the axis of x is 
greater than it would be if the whole were moving with the 
velocity at the centre by 

Ma^ 
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19. Obtain by means of Clebsch’s transformation, § 89, the 
equations (33) and (37) of § 38. 

20. Prove that when the motion of a liquid is steady, it is 
possible to draw a series of surfaces P = const, each of which shall 
be covered with a network of stream lines and vortex lines. Prove 
also that at every point of such a surface 

dP 

where q and <o are the resultant velocity and molecular rotation, 
and e is the angle between their directions. 


21. A cylindrical vessel of any form which is rotating about its 
axis, is filled with liquid which is rotating as a rigid body. Prove 
that if the cylinder be reduced to rest, the resulting motion of the 
liquid will be steady. 


22. If the motion of a liquid be referred to axes moving with 
angular velocities d^y O^y 0^ about themselves, prove that the com- 
ponents of dfclecular rotation are determined by the equation 






dx 


dy 


.du 

dx 


du ^du 


with two similar equations; where u, v, w are the component 
velocities of the liquid parallel to the moving axes, and U, Vy W 
are its component velocities relative to these axes. 



CHAPTEK III. 

ON SOURCES, DOUBLETS AND IMAGES. 

46. When the motion of a liquid is irrotational and symmet- 
rical with respect to a fixed point, which we shall choose as the 
origin, the value of at any other point P is a function of the 
distance alone of P from the origin; and Lapla<^’s equation 
becomes 

dr r dr 


d<f> 

dr ~~ * 

The origin is therefore a singular point, from or to which the 
stream lines either diverge or converge, according as m is positive 
or negative. In the former case the singular point is called a 
source^ in the latter case a sink. 

The flux across any closed surface surrounding the origin is 

= 47rm, 

where dfl is the solid angle subtended by dS at the origin, and e 
is the angle which the direction of motion makes with the normal 
to S drawn outwards. 

The constant m is called the strength of the source. 


Therefore 

and 
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47. A doublet is formed by the coalescence of an equal source 
and sink. To find its velocity potential ; let there P 

be a source and sink at 8 and H respectively, and 
let 0 be the middle point of 8H^ then 


^ + 


m m 



_ mSH cos SOP 

- Qp, . 

Now let SH diminish and m increase indefinitely, but so that 
the product m . SH remains finite and equal to fiy then 

, fjL cos SOP 
9 


flZ 

if the axis of z coincides with OS, 

Hence the velocity potential due to a doublet is equal to the 
magnetic potential of a small magnet whose axis coincides with 
the axis of the doublet, and whose negative pole corresponds to 
the source end of the doublet. 


48, The velocity potential due to a sheet of doublets of 
strength m per unit of surface, which is such that the axis of each 
doublet coincides with the direction of the normal to the sheet at 
the point at which it is situated, is 


ffm cos 

Jj— . -rfs 


= — JfmdQ, 

If m be constant, <^ = — mil. 

Hence the velocity potential due to a doublet sheet is equal to 
the magnetic potential of a simple magnetic shell of strength — m. 


49. When the motion is in two dimensions, and is sym- 
metrical with respect to the axis of Laplace’s equation becomes 

^ 4. 

Sr* dr ^ ^ 

Therefore = m log r, 

d<l> 

dr r * 

B. 4 
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where r is the distance of any point from the axis. This value of 
^ represents a line source of infinite length, whose strength per 
unit of length is equal to m. 

If i/r be the current function, 

m _ 1 rfx/r 
r ^ r dO ' 

Therefore ^ = mO 

= m tan"' - . 


The velocity potential due to a doublet in two dimensional 
motion is 


= m log 8P — m log HP 

SH CiPiTi SOP 

= — m cos SOP = ~ 

Ur r 



Theory of Images. 

50. Let JTj, be any two hydrodynamical systems situated 
in an infinite liquid. Since the lines of flow cither form closed 
curves or have their extremities in the singular points or bound- 
aries of the liquid, it will be possible to draw a surface /S, which is 
not cut by any of the lines of flow, and over which there is there- 
fore no flux, such that the two systems If, are completely shut 
off from one another. 

The surface 8 may be either a closed surface such as an ellip- 
soid, or an infinite surface such as a paraboloid. 

If therefore we remove one of the systems (say and sub- 
stitute for it such a surface as 8, everything will remain unaltered 
on the side of 8 on which is situated ; hence the velocity of 
the liquid due to the combined effect of and will be the 
same as the velocity due to the system in a liquid which is 
bounded by the surface 8. 

The system is called the image of with respect to the 
surface 8, and is such that if were introduced and 8 removed, 
there would be no flux across 8. 

The method of images was invented by Sir William Thomson, 
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and has been developed by Helmholtz, Maxwell and other writers^; 
it affords a powerful method of solving many important physical 
problems. 

51. We shall now give some examples. 

Let Sf S' be two sources whose strengths 

are m. Through A the middle point of 88' 
draw a plane at right angles to SS\ The 
normal component of the velocity of the 
liquid at any point P on this plane is 

- cos PSA + cos PS' A = 0. 

Hence there is no flux across AP, If therefore Q be any 
point on the right-hand side of AP, the velocity potential due to 
a source at S, in a liquid which is bounded by the fixed plane AP, 
is 

__ m m 

Hence the image of a source 8 with respect to a plane is an 
equal source, situated at a point H on the other side of the plane, 
whose distance from it is equal to that of 8, 

52. To find the ifnage of a soaroe placed oxitside a sphere^, 

^ — — 




Let 8 be the source, 0 the centre of the sphere, a its radius, 

os^fpos^e, fi = cose. 

Then, if be the velocity potential due to the source, 

<j) — ^ 

-~SP (r*-2/r^+/0^‘ 

^ Helmholtz, Crelle, vol. lv. 1858; Thomson, Reprint of papers on Electricity 
and Magnetism, p. 52; Maxwell, Proc, Roy, Soc,, 18 Feb. 1872; Electricity and 
Magnetism, vol. ii. c. 12. 

3 W. M. Hicks, “On the Motion of Two Spheres in a Liquid,” Phil. Trans. 1880. 

4—2 
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Now at all points in the neighbourhood of the sphere, r < /; 
hence can be expanded in a convergent series of the form 

where (/a) is the zonal harmonic of degree n. 

At all points outside the sphere, the velocity potential of the 
image of can be expanded in a series of the form 

a>'=i2r^.f^yp„. 


Since the sphere is at rest, the surface condition is 


d<I> 

dr ^ dr * 


when 


r=^ a. 


Therefore mS', P, + P.-O; 


whence .4o=0, 




mn fa 


w + 1 


therefore 


4>' = -m2, 


* n a 


w + 1 “ 

_ ^ T* ?" P I V°° 

f r"~‘ »+l 


where c = a* If. Now if c < r, 

£(r*-2\r/* + X‘)* 


dk ^ ^ /cV*‘ P, 


n 4*1 * 


•(1). 


Hence, adding and subtracting malfr from (1), the value of ^>' 
may be written 

4>' = _^ ^ TO r dX 

f (r* — 2rc/* + c*)* a i o (r* — 2Xr/t + X*)^ 

The first term represents a source of strength majf situated at 
a point H such that OH =e = a'/f, und which therefore coincides 
with the electrical image of 8 with respect to the sphere : the 
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second term represents a line sink of strength m/a per unit of 
length, extending from the inverse point H to the centre of the 
sphere. 


53. To find the image in a sphere of a doublet whose oasis 
passes through the centre of the sphere. 



Let 0 be the centre of the sphere, a its radius, S a source of 
strength /a, S' an equal sink, and let H, H' be the inverse points 
of 8, S'; also let OS = /, HP=^r, PHS= 6, Then, if (fy be the 
velocity potential of the image, 

^ 1 , fMi 1 fiHH' 

But OH, OS ^ OH. OS' therefore 

_ aSSS' 

- y. . 

also H'P = HP- HH cos 6. 


Therefore 


liSS'a} 


fiaSS: 


/V 


■ cos 0. 


Now = m, where m is the strength of the original doublet, 
hence 

raX’cos 0 




.fJ • 

This is the velocity potential of a doublet situated at the 
inverse point H, whose strength = — m {a/f)\ 
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64. To find the image of a doublet whose axis is perpendicular 
to the line joining it with the centre of the sphere. 



Let S be a source, S' an equal sink ; H, H' the inverse points 
S, S'. The image of S is a source of strength fiaf at ZT, and a 
line sink of strength ya/a per unit of length from 0 to H. 


Now 




SS'a" 

r 


whence the source and sink at II, H' coalesce into a doublet at H 
of strength 

fi8S'a^_ma^ 

r 

where m is the strength of the original doublet. 


Let B, R' be any points on OH, OH', such that 


then 


OR. OS= OR'. OS'; 
88' . OR' 


RR: 


f 


and the two sink and source elements at J2, R coalesce into a 
doublet of strength 

SS'. OR m 


Hence the image of S is a positive doublet at H of strength 
ma^lf^, together with a negative line doublet of strength --mORIaf 
per unit of length, extending from 0 to II. 


65. In the next place, let there be a source of strength m at 
a point P outside a sphere whose centre is 0 and radius a ; and a 
line sink from P to Q, (where Q is a point on OP which lies on 
the side of P remote from 0), of strength —w/PQ per unit of 
length \ Let R be any point between P and Q ; P, R, Q' the 
inverse points of P, P, Q. Also let OR = x, OR = y. 


1 W. M. Hicks, “On the Problem of Two Pulsating Spheres in a Fluid,” Proc. 
Cawh. Phil. Soc. vol. in. p. 276. 
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The image of P consists of 

(1) a source at F of strength majOP, 

(2) a line sink from 0 to P' of strength - m/a per unit of 
length. 

The image of the line sink element dx at R produces 

(3) a sink at R\ of strength 

madx _ mady 

and 

(4) a line source from 0 to R' of strength mdxjPQ . a per 
unit of length. 

In order to calculate the image of the line sink between P and 
Q, it will be convenient to consider first the portion of the image 
between 0 and Q\ and secondly the portion between Q' and F. 

Since every element of PQ produces an elementary line source 
of strength mdx/PQ . a between 0 and Q\ the resultant is a line 
source between 0 and Q' whose strength per unit of length is 

mdx _m 

J OP ® ® 

This line source cancels the portion of (2) which lies between 
0 and Q\ 

Only those elements of PQ which lie between P and R con- 
tribute anything to the density at R\ hence, adding the effects of 
(2), (3) and (4), the total strength at R’ is 


pdy = 

mdy mady , mPRdy fm , mOP' 

a PQ.OR'^ aPQ ~ [a'^a.PQ. 

Therefore 

VI (. 0P\ mOQ 

aV'^PQ) aPQ‘ 

But 

PO no OP ^P’Qf.OP.OQ 

Therefore 

ma 

P~~OP.P'Q" 


Hence the image consists of a single source at P' of strength 
majOPy and a line sink from P' to Q' of strength —majOP. FQ' 
per unit of length ; that is, the image is an arrangement of the 
same form as the object. 
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66. To find the image of a source in a cylinder, the motion 
being in two dimensions. 



Let /S be a source situated outside a cylinder, H the inverse 
point. Then, if an equal source be placed at H, the normal velocity 
q due to the combined effect of both is 

9 = - ^cos OPF+^cos OPH. 

But since OH . OS^OP^, the triangles 08P and OPH are 
similar, therefore 

q ^coa OPY + (SP + OP cos OPY) 

— 

Hence the image of a source at S is an equal source at the 
inverse point H, together with an equal sink at 0 the centre of 
the cylinder. 

Similarly the image of a doublet is an equal doublet, but of 
opposite strength, situated at H. 

57. We shall conclude this chapter by applying the method 
of images to determine the velocity potential due to a source 
situated between two infinite parallel planes \ 




1 

0 P 

p, 

1 

A 

1 1 

B ' 


^ W. M. Hicks, Quarterly Journal^ vol. XT. p. 274. 
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Let P be the source, and let the origin be the middle point 0, 
of a line through P perpendicular to the two planes. 

The image of P in the plane B will be another source P^, such 
that BP^ = BP\ the image of Pj in the plane A will be another 
source Pj such that AP^ = AP^t and so on for an infinite series. 
Similarly the image of P in the plane A will be a source P'j, such 
that AP\ = AP, and the image of P\ in B will be a source P'^, 
such that BP\ = BP\, and so on. The velocity potential of the 
motion of the liquid contained between the two planes due to the 
source P, will be equal to the velocity potential of P together 
with the velocity potential of the two infinite trails of images. 


Let 

then 


Similarly 


AB = 2a, OP^l 
OP^ = a + BP = 2a — 
OPj = a -1- AP^ = 4a - 
0P3 = a-f-PP,= 6a-^, 
OP^ = %ia — 

0P\ = 2na + 


(i) Let the motion be in three dimensions, and let tar be 
the coordinates of any point Q of the liquid ; then 






+ 2 ! 


_n/[{z + ^—2a — 4/1(1)’ + w*' 

1 


+ 




\J{{z + f + 2a + 4na)’ + w' 
1 




I + 4nay + 'sj^] fj[{z ~ f — 4na)* + 




Therefore 

♦=C[: 


+”■)] 


sj[{z + f — 2a + 4Ma)* + ^ + 4/ia)‘ 

Each of these expressions is of the form F (z, ®), where 

os 1 

F(z, w) — ^ • 

We proceed to find a finite expression for this series. If a is 
positive, 


1 


2a fi" dff 
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therefore 

1 


2zor 
'rr J, 




d9 


=ifi. 


(z 4- 4ntt)‘^ cos’* 9 + w** 
1 


1 


Also 


sin 


{z + 4?ia) cos Q ^ 'mi (^ + 4na) cos Q^-mi 




therefore, taking logarithms and differentiating, we obtain 

1 


c c <f> ^ <p -~n c 


= 2. 


Therefore F (z, m) 
1 


(f)-\-nc* 

] 


_ 1 

ttiJq “* \z cos 0 — -nTt 4 - 4na cos 0 .s: cos 0 4- + ^na cos 0 

~ 4^ / { ^ ^ ^ 

= if 


de 


1 sec 0 sinh (irm sec 0/2a) d0 

Q cosh (ttcj sec 0/2a) — cos {irzl^d) 

1 d r^"’ 


TT 


dt?r 


rjir 

I log {cosh (tt^o- sec 0/2a) — cos {irzj2a)] cZ0. 
0 


The first integral becomes infinite at the upper limit, but since 
the variable part of potential functions is the only part which it is 

1 r^”* 

necessary to consider, we may subtract g- J sec 0 dO, which will 

make the integral finite, and we shall obtain 

P / N 1. f*’ exp ( - TTtg sec 0/2a) - cos (irz/2a) - 

’ ^ 2ajg cosh (ttw sec ^/2a) — cos (7r2/2a) 

And since ^ = F{(z-h^- 2a), m}-hF [z - 1, m], we finally obtain 

1 r^”’ r exp (— TTW sec 9/2a) + cos 7r(z + 

^ 2a j 0 L 072a) 4- cos tt (-ar 4- f )/2a 

exp (- TTw sec g/2a) - cos v(z- g)/2a ~| . , . 

cosh (ttw sec 0/2a) — cos tt (« — f)/2a J 


(ii) Let the motion be in two dimensions : writing x and y 
for z and w respectively, we obtain 

<f>-^ 2"^ log {(a; + f - 2a + 4na)* + J/’j 

+ h ^Z„ log {(* - f + 4na)* + y’). 
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Let fix, y) = log H* ^ {(x + 4ntt)* + y% 

where the symbol 11 denotes the infinite product for all positive 
and negative integral values of n including zero. 

Now (i-_) 

c “ v nc) 

where 11' denotes that the value w = 0 is excluded. Now 
^-00 {(® + “ y^\ - + 2 / + na) (a? - y + na) 

- (•* +!')<*- (‘ + ^?) (i + * ■-") ■ 

therefore 

/(.. y)-iog n'!,4V«- + 

The first term which is constant may be omitted; we therefore 
obtain 

f{x, y) = log sin ^ + ly) sin ty) 

= log (cosh 7ry/2a — cos irxj^a) — log 2 ; 
whence, omitting constant terms, the value of (p may be written 

^ log (cosh iryj^a — cos irix— f)/2a} 

+ ^ log {cosh iryj^a + cos tt (a; + |)/2a}. 


EXAMPLES. 


1. Prove that when the motion of a liquid is irrotational 
and symmetrical with respect to an axis, Stokes' current function 
satisfies the equation 


sin 9 


^ (cosec ^§) = 0. 


and thence show that the current function due to a source of 
strength m is 

\lr=s--‘m cos 9 + const. 
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2. When the motion is in two dimensions, prove that the 
current function due to a source is md, and apply this result to 
find the image of a source in a circular cylinder. 

3. The motion of a liquid is in two dimensions, and there is 

a constant source at one point A in the liquid and an equal sink 
at another point B ; find the form of the stream lines, and prove 
that the velocity at a point P varies as {AP , the plane 

of the motion being unlimited. 

If the liquid is bounded by the planes = 0, a? = a, t/ = 0, y = a, 
and if the source is at the point (0, a) and the sink at (a, 0), find 
an expression for the velocity potential. 

4. The motion of a liquid in two dimensions is steady, and is 
due to the presence of any number of sources and sinks. If the 
mass of any source or sink be supposed equal to that of the liquid 
which it would generate per unit of time (the masses of the sinks 
being negative), show that any source has a tendency to move 
with an acceleration made up of accelerations from every other 
source and towards every sink, and proportional in each case to 
the numerical strength of the source and sink, and the inverse of 
its distance. 


5. Liquid is bounded by two perpendicular planes OX, 0 F. 
A source is situated at a point whose distances from the planes 
are a and h respectively. Find the pressure at any point of either 
of the planes, (i) when the motion is in two dimensions, and (ii) 
when in three dimensions. 


6. The boundary of a liquid consists of an infinite plane 
having a hemispherical boss, whose radius is a and centre 0. A 
doublet of unit strength is situated at a point S, whose axis 
coincides with OSy where O/S is perpendicular to the plane. P is 
any point on the plane, OP = «r, OS = /. Prove that the velocity 
of the liquid at P is 


6 /«] 




L_t 


7. Prove that 


(f) = /(<){(r* + a* — iazy^ + (r* + a* + (t) 


is the velocity potential of a liquid, and interpret it. Find the 
surfaces of equal pressure if gravity in the negative direction of 
the axis of z be the only force acting. 
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8. Liquid enters a right circular cylindrical vessel by a supply 
pipe at the centre 0 and escapes by a pipe at a point A in the 
circumference ; show that the velocity at any point P is pro- 
portional to PBjPA . PO, where B is the other end of the diameter 
A 0. The vessel is supposed so shallow that the motion is in two 
dimensions. 

9. A source is placed midway between two planes whose 
distance from one another is 2a. Find the equation of the stream 
lines when the motion is in two dimensions ; and show that those 
particles which at an infinite distance are distant Ja from one of 
the boundaries, issued from the source in a direction making an 
angle 7r/4 with it. 

10. The boundaries of a liquid are given by 0= + 7r/2n, and 
a source of strength m exists at the point d = 0, r = a. Prove 
that the current function for two dimensional motion is 

m sin 2nd 

r’‘"cos2n(9-a^"- 

11. A quantity of liquid moves in that quadrant of the plane 
of xy in which x and y are both positive, and which is bounded by 
the planes yZy zx : at the point (a, 0) is a semicircular source of 
liquid, and at the origin a quadrantal sink. Assuming that the 
amount of liquid flowing out of the source per unit of time is equal 
to the amount which flows into the sink, and that the motion is in 
two dimensions; find the velocity potential, and prove that the 
general equation of the stream lines is 



CHAPTER IV. 

VORTEX MOTION AND CYCLIC IRROTATIONAL MOTION. 

58. The most general kind of motion of which a fluid is 

capable is one which is a combination of rotational and irrotational 
motion ; that is to say, the component velocities may be regarded 
as consisting of two parts, and u^y w^y where the former 

quantities are derivable from a velocity potential, whilst the latter, 
which depend upon the molecular rotation, cannot be so derived. 
The peculiarities of the motion specified by the latter quantities, 
and which depend upon the molecular rotation, were first investi- 
gated by Helmholtz^ and will now be considered. 

59. We have defined a vortex line to be a line whose direction 
coincides with the direction of the instantaneous axis of molecular 
rotation. If through every point of a small closed curve a series of 
vortex lines be drawn, they will enclose a mass of fluid which 
may be called a vortex filament, or shortly a vortex. 

We have shown that if the forces which act on the fluid have a 
potential, and the density is a function of the pressure, the motion 
of the fluid constituting the vortex can never become irrotational. 
It will now be shown that every vortex possesses the following 
three fundamental properties : 

(i) Every vortex is always composed of the same elements of 
fluid. 

(ii) The product of the angular vel ocity of any v ortex imto its 
cross secti on is c onetcm t with resp ect to me time, and isw ^ samO j 
throughout its length. 


^ CrelUy vol. lv. p. 26; translated by Tait, Phil. Mag. (4) xxxin. p. 485. 
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(iii) Every vortex must either form a closed curve or have its 
extremities in th e boundaries tf th e fluid. 

Let a, h, c be the initial coordinates of an element of fluid 
whose coordinates at time t are x, y, z. Then 

da _db _dc _ ds^ _ 

Jo Vo ^ ®<) 


But 


dx = ^ da + ^ db + 
da do 


dx 

dc 


do 




dx dx ^ dx\ 

dtt ^0 dl) Tc) 


P®0 

by § 30 (10); hence _ g 

®o ^ 


(!)• 


Let Uj V, w be the component velocities at x, y, z ; and let 
a-\-du, v^-dVy w-\-dw be the velocities at a neighbouring point 
X‘\‘dXiy’\- dy, z + dz on the same vortex line. Since 


dx _dy ^dz ^ds 

^ ~ V ~ ^ ~ p’ 

therefore . 5 (f * | + fg) 

ef^du dv y, dw\ 
pydx ^ dx dx) 

- 4 $ 

by § 24 (5). 

The quantity dii is the rate at which the projection of the 
element ds on the axis of x is increasing in length ; and since this 
projection is equal to €d{p~^^)/dt, the line ds still forms part of a 
vortex line. 


This proves the first theorem. 

To prove (ii) let a be the area of the cross section at time t, 
then, since the mass of the element remains unchanged, 

Po<^odSo = po-ds. 

Therefore by (1) 0 -^( 0 ^ = o-w, 

which proves that <7a> is independent of the time. 
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Also, by § 7 and § 17 (26), 

or ffeo COS edS = 0, 

where e is the angle between the axis of rotation and the normal 
to S drawn outwards. 

Now if we choose S so as to coincide with the surface of any 
finite portion of a vortex of small section, together with its two 
ends, cos e vanishes except at the two ends ; and is equal to + 1 at 
one end, and — 1 at the other ; hence 

o)^dS^ — ct)^dS^ = 0 , 

which proves the second part of (ii). 

To prove the third theorem, we observe that if a vortex did 
not form a closed curve or have its extremities in the boundary, it 
would be possible to draw a closed surface cutting the vortex once 
only, and the surface integral would not vanish. 

The first theorem and the first part of the second theorem 
depend on dynamical considerations; the second part of this 
theorem and the third theorem are kinematical. 

60. Since every kind of motion may be regarded as a combi- 
nation of rotational and irrotational motion, we may put 

^ dx^ dy dz ' 

^ dy^ dz dx ' 

_ dM dL 

where ^ is the velocity potential of that part of the motion which 
does not depend on the molecular rotation. 

Hence in the case of a gas, ^ 

— j . dv dw \ dp 

^ dx^ dy^ dz p dt* 

but in the case of a liquid = 0 : in addition to the above 
equations which ^ must satisfy at every point of the fiuid, <f) must 
also be determined so as to satisfy the boundary conditions. 

dL dM dN 
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r . . Of dv dJ _,T 

we obtain = ^ i- = T — V L, 

dy dz dx 

with two similar equations. Hence if 

/ = 0 or a constant 


we have + 2f = 0, VW + 21 ? = 0, VW +2^=0 (2). 

It follows from (2) that if iT = 0 or a constant, the quantities 
L, M, N are the potentials of distributions of matter whose densities 
are respectively equal to f/27r, f/27r ; hence if x', y', z' be any 

point where molecular rotation exists, x, y, z any other point, andy 
the reciprocal of the distance between these two points, then 


^=-l^l\\nfdx'dy’dz ■ 


(3), 


where f', rj', are the values of the components of molecular 
rotation at {x\ y\ z') and the integrations extend throughout those 
portions of fluid whore there is vortex motion. 


We have now to prove that the above values of L, M, N make 
J" = 0 or a constant. 


Since 


dx dx ' 


we 


= --^-^lff(ir + niv' + nndS 

+ &///(» 


The volume integral vanishes by § 17 (26), and if the vortices 
form closed rings the surface integral vanishes, since at the 
surface of each vortex + my + n^' = 0. 

Also, if the fluid extends to infinity and is at rest there, the 
surface integral will either vanish or be equal to a constant, since 
y, and f all vanish at infinity. But if the fluid is bounded 
either externally or internally, and some of the vortices extend to 
this boundary and then break off, we must suppose the boundaries 



66 VORTEX MOTION AND CYCLIC IRROTATIONAL MOTION. 

removed and a hydrodynamical system substituted for them, such 
that the velocity at points occupied by the boundary remains un- 
changed. This hydrodynamical system will necessarily consist, in 
part, of the continuations of these vortices, which must either 
extend to infinity or form closed curves, and in either case the 
surface integral taken throughout the vortices included in this 
larger region, as well as throughout those included in the original 
region, will vanish or be constant. 

61. If hu, hvt Sw be the component velocities at a point a?, y, z 
of a fluid due to an element dxdy'dz' whose rotations are f'; 
then 

whence if = /, we obtain 

Sw = ^ [v - ^') -K'iy- y')\ da>'dy'd^, ' 

^^ = ^W(.‘>>-^')-^(^-^')]d‘»'dy'dz', • (4). 

^ = 2^* dx'dy'dz', 

Hence, if q is the resultant velocity due to the element, 

dx'dy'dz' (5). 

where e is the angle which r makes with the direction of the axis of 
rotation of the vortex element. It also appears from (4), that this 
velocity is perpendicular to the plane containing the direction of 
r and the vortex element, and that its direction is that in which 
the point (a?, y, z) would move if it were rigidly attached to a body 
moving with the vortex element. 

62. At all points external to a vortex the motion is irrota- 
tional, and a velocity potential consequent ly ex ists. We shall 
now show that the velocity potential at any point, due to a vortex 
of small cross section, is proportional to the solid angle subtended 
by the vortex at that point. 

Let Xy y, z be the given point, x\ y\ z any point on the vortex, 
r the distance between (a;, y, z) and (a?', y , /). Using polar co- 
ordinates r, Qy ^ referred to (x, y\ z') as origin, we have 

x^x cos Y, y sin ^ sin y» z — z* — r cos 6. 
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Now if be the solid angle subtended at (x, y, z) by the 
vortex, 

SI = fj sin dddd'x^ 

= f(l-cos0)dx 




where the integration with respect to s extends once round the 
vortex. 

TVT x--x' ^ 

rsow > = COtY. 

^ fit ^ 


Therefore (y “ 2/0 ^ ~ ^0 

Therefore 


:r*sin»0 


a-Jdx- { to ^ i^') t s} i^-^r+bf-yy ■ 

The first term is equal to 27r or zero according as the vortex 
does or does not embrace the axis of z ; also 

Now by (4) if w be the ^-component of the velocity due to a 
vortex of small cross section <r, 


dsf) eoa 

dz ^ ~ 27r 


Hence 


. dx . dy ds 

I}?' 

l<f) __ G)<T d£L 

iz 2ir dz * 


If the section of the vortex be of finite area, the velocity 
potential will be 

^)> 

where the double integral extends over the cross section. 

Since the solid angle O diminishes by 47r, whenever the point 
X, y, z describes a closed curve in the positive direction, which 
embraces the vortex once, is a many valued or cyclic function. 


ifltT5»51uT!WKii3W3frfSiWwSnTiBlj] 


vortex filament, is called the strength of the filament. 
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Vortex Sheets, 


63. If we have a sheet of thickness h, consisting of rotation- 
ally moving liquid, and if o) increase and h diminish indefinitely 
but so that the product (oh remains finite, equal to co\ we ultimately 
obtain an indefinitely thin film of rotationally moving liquid 
whose molecular rotation is cj'. Such a film is called a Vortex 
Sheet 


By (3), if f', rjf, ^ be the components of &>', the quantities Z, M, N 
which determine the velocities are given by the equations 


Z = 


27r 








where R is the distance between any point on the vortex sheet 
and the point (x, y, z), and the integration extends over the 
vortex sheet. 


64. It was first pointed out by Helmholtz^ that the equations 
of motion and the equation of continuity of a perfect fluid do not 
exclude the possibility of slipping taking place along a surface; 
for the only conditions to which the velocity must be subject are, 
that it must be finite at all points of the fluid, other than points 
where sources or sinks exist, and also that its normal component 
at all points of any surface drawn in the fluid must be continuous. 
The above conditions obviously do not require that the tangential 
component should be the same on both sides of such a surface, 
and hence the conditions to which the velocity must be subject 
will not be violated if slipping takes place. 

65. We shall now show that every surface of discontinuity 
over which slipping takes place has the properties of a vortex 
sheet. 

Let ly rriy n be the direction cosines of the normal at any point 
P of such a surface of discontinuity ; UyVyW\ u\ v\ w the compo- 
nent velocities on the positive and negative sides of the surface. 
It is evident that it will be possible to draw a line in the tangent 
plane at P such that the tangential components along this line of 
the velocities on both sides of the surface shall be equal. Let 
y!y V be the direction cosines of this line; and let ya, v be those 

^ Phil, Mag, Nov, 1868. 
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of the line through P perpendicular to I, m, n and X', v, and 
which is therefore the line along which slipping must take place. 

Then i (w — w') + m (v - v') +n{w-w)^ 0, 

X' {u — u') + fjJ {v — v) — w') = 0 ; 

also let \{u--u')+ {v — v) + v{w — w') = o*. 


From these equations we easily obtain 



II 

1 

II 

1 

w — w* 

■ 1 . 

/'Q^ 


X /A 

V 


Let 

II 



(10), 


the integration extending over the positive side of the sheet only ; 
then 

I> = ~ll(vm-^n)^dS 

= //{«» - w')-n(v-v')j^. 

Now the surface S may be regarded as the limit of the surface 
of a solid bounded by S and another surface indefinitely near S 
whose distance from it is A ; we may therefore write 

i . ^ //<»”’ - »») «'«- S ///( ^ I » - * S s) 

where the surface integral extends over the surface S and the 
surface indefinitely near it, and the volume integral extends 
throughout the volume enclosed by the two surfaces. The latter 
integral evidently vanishes in the limit. Integrating by parts we 
obtain 

W’ 

ultimately. 

Comparing (10) and (11), we obtain 

I' = |<7X', y = ja/LL', o)' = 

It therefore follows that the effect of the surface of discon- 
tinuity is the same as that of a vortex sheet whose molecular 
rotation is Jo*, and that the direction of the vortex lines is perpen- 
dicular to that of slipping. 
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Circulation. 

66. We have shown that the motion of a fluid may be 
separated into two kinds, rotational and irrotational motion ; and 
it appears from § 62 that irrotational motion may be subdivided 
into two classes according as ^ is a single valued or a many valued 
function. In the former case the motion is called acyclic, and in 
the latter case cyclic irrotational motion. 

67. The line integral j(uda) + vdy + wdz) taken along any 
curve joining a fixed point A, with a variable point P, is called 
the Jlow from A to P. 

If the points A and P coincide, so that the curve along which 
the integration takes place is a closed curve, this line integral 
is called the circulation round the closed curve. 

If any surface which is bounded by a closed curve be divided 
into elementary areas by a series of 
lines drawn upon it, the circulation 
round the bounding curve is equal to 
the sum of the circulations round each 
of the elementary areas; for the flow 
along the sides of all the elements, 
except those sides which form part of 
the boundary, is taken twice over and 
in opposite directions. 

In the same way it can be shown 
that the circulation round any closed 
curve is equal to the sum of the circulations round its projections 
on the coordinate planes. 

68. Let us now determine the circulation for an elementary 
rectangle A BCD, whose sides are dy, 
dz, the positive direction being from 
the axis of y to that of z. 

Let X, y, z be the coordinates of 0, 
the centre of inertia of the rectangle ; 
u, V, w the velocities at 0. 

The portion of the circulation due to the two sides B and D is 
(w + ^w^dy) dz-‘{w — ^w^dy) dz = dydz 
and that due to the two sides C and A — — v^dydz. 
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Hence the circulation 

= — vj dydz. 

Hence, if d8 be an element of a surface 8 whose projection on 
the plane yz is the rectangle A BCD, the circulation round the 
boundary of 8 

= //[(^y “ “ “w;*) dzdx + {v^ - u^) dxdy\ 

Hence we obtain the following important analytical theorem, 
which is due to Prof. Stokes \ viz. 



= liudx + vdy + wdz) (12), 

where the surface integral is taken over any surface bounded by a 
given curve, and the line integral is taken once round the curve. 

Substituting the quantities 97 , we obtain 

2 // + m 97 + nS") d8 = f (udx + vdy + wdz) (13). 

69. Several important consequences can be deduced from this 
theorem. 

If there are no vortices in the fluid, 77 , ^ are everywhere zero, 
and the circulation vanishes. Hence in this case (f> must be a 
single valued function. 

Since every vortex must either form a closed curve, or have its 
extremities in the boundaries of the fluid, it follows that if the cir- 
culation be taken round a closed curve which embraces a vortex 
once only, the surface 8 must cut the vortex an odd number of 
times. Hence in this case the circulation will not vanish, but will 
be equal to twice the surface integral on the left-hand side of (13). 
Since f, 77 , f are zero at all points of 8y except those which lie 
in the vortex, the value of the circulation is 2 //a>cos eda where dcr 
is an element of that portion of 8 which is cut off* by the vortex, co 
the molecular rotation, and e the angle which its direction makes 
with the normal to a drawn outwards. 

Hence the value of (f) at any point P of a closed curve which 
embraces a vortex experiences a constant augmentation every time 
P travels round the curve to its original position, which is equal to 
twice the above-mentioned surface integral. This constant aug- 
mentation is called the cyclic constant of </>. 


1 Smith’s Prize Examination, 1864. 
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If the line integral is taken round a closed curve which does not 
embrace a vortex, 8 can be drawn so as not to cut any of the 
vortices ; if 8 cut any vortex once, it must cut it again, and by § 59 
the two portions of the surface integral cancel one another ; hence 
the surface integral and therefore the circulation round such a 
curve will be zero. 

Since the circulation taken round any indefinitely thin vortex 
filament is equal to twice the product of its angular velocity and its 
cross section, it follows from § 59 that the circulation is inde- 
pendent of the time ; and since every vortex of finite section can 
be divided into indefinitely thin vortex filaments, it follows that 
the circulation round a vortex of finite section is also independent 
of the time. 

70. It thus appears that whenever there is circulation the 
velocity potential is such as would be due to some distribution of 
vortices in the fluid. These vortices need not however have an 
actual existence, since in the case of a liquid it is possible for hollow 
spaces to exist in the liquid round which circulation takes place ; 
or the vortices of which is the velocity potential may lie beyond 
the boundaries of the fluid. For example, if <^ = tan'^ yjx = 

0 is a two dimensional many valued velocity potential whose cyclic 
constant is 27r for all circuits which embrace the origin, and zero 
for all other circuits : and it will he shown in the second volume, 
that if the pressure at a distance from the origin be properly adjusted 
by means of suitable boundary conditions, it is possible for the 
cylinder r = a to be a free surface, which forms the inner boundary 
of a liquid, and the space within which is devoid of liquid. It is 
also possible to have circulation round a fixed rigid cylinder, in 
which case will be the velocity potential of one of the possible 
motions of the liquid which may take place. 

71. Since a fluid always flows from places of lower to places of 
higher velocity potential, it follows that when the motion is acyclic 
the stream lines cannot form closed curves but must begin or end 
in the boundaries or singular points of the fluid ; but when the 
motion is cyclic some of the stream lines may be closed curves, 
whilst others begin and end in the boundaries of the fluid. 

72. The circulation round any closed circuit may be shown 
not to alter with the time as follows \ 

1 Sir W. Thomson, “ Vortex Motion,” Trans. Roy. Soc. Edin., vol. xxv. 
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Let AB be a curve joining two points A and J? of a fluid which 
always passes through the same elements of fluid ; also let / be 
the tangential velocity of the fluid at any point Poi AB \ then 

fds = udx + vdy + wdz ; 

therefore ^ {fds) = ^ + w + &c. 

Let be the projection of ds on the axis of a?; Uy u-\- du the 
component velocities of p and q parallel to x ; then 

u = dxjdt, u + du = d{x + dx)ldt; 
hence du = d. dxjdty therefore 

^ {udx + vdy + wdz) = ^ di/ + + udn + vdv + wdwy 

= d (Q + \<f)- 

Therefore {udx + vdy + wdz) = [Q + - [Q + 

Since Q and q are always single valued functions, the right- 
hand side vanishes when the integration is taken round a closed 
curve, which proves the proposition. 

73. If at some particular instant, which we shall choose as the 
origin of the time, the motion is irrotational and acyclic, the cir- 
culation will be zero round every closed circuit, and the preceding 
proposition shows that it will always remain zero. 

Hence we obtain another proof of the proposition that motion 
which is once irrotational is always so ; and also that irrotational 
motion which at any particular instant is acyclic, always remains so. 


Simply and Multiply-Connected Regions, 

74. Whenever the motion is cyclic, the flow between two 
points will not have the same value for two different lines joining 
them, unless the lines are such as are capable of being made 
to coincide, without cutting through any of the vortices or passing 
through the boundaries of the fluid. The latter class of lines are 
called reconcileable lines, the former irreconcileable lines. 

75. We are thus led to consider the properties of simply and 
multiply-connected regions, which are defined as follows. 
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A simply^connected region, is one in which any two lines join- 
ing two given points, may be made to coincide with one another, 
without passing out of the region in question. 

The spaces inside or outside an ellipsoid or paraboloid are simply 
connected regions. 

A multiply-connected region, is one in which two or more lines 
can be drawn connecting two points, which cannot be made to 
coincide with each other without passing out of the region in 
question. 

The space inside or outside an anchor ring, is an example of a 
doubly-connected region. 

A region in which n irreconcileable lines can be drawn, is called 
an n-ply connected region. 

Hence in a simply-connected region, every closed circuit is 
capable of being contracted to a point without passing out of 
the region. In an n-ply connected region, it is possible to draw 
n^l different circuits, which cannot be contracted to a point 
or be made to coincide with one another without passing out of 
the region. 

Any circuit drawn in a multiply-connected region, which is 
capable of being contracted to a point without passing out of the 
region, is called an evanescible circuit ; and any two circuits which 
can be made to coincide with each other without passing out of the 
region, are called mutually reconcileable. 

76. Every n-ply connected region, may be reduced to a simply 
connected region, by drawing n - 1 barriers or diaphragms, such that 
each diaphragm meets every simple non-evanescible circuit once 
only. For example, the space outside two circles which do not cut 
one another, is a triply-connected region in two dimensions ; but 
if from a point on each of the circles, we draw two lines to infinity 
which do not cut one another, the region becomes simply-con- 
nected. 

77. If be a polycyclic velocity potential, the circulation round 

any closed curve, which does not cut any of the barriers is conse- 
quently zero : if the circuit cuts all of the barriers once only, the 
circulation is k^ + + &c. where are the cyclic constants 

corresponding to each barrier. The number of barriers which 
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must be drawn, in order to make the circulation round every 
closed curve vanish, is equal to the number of cyclic constants 
of <^. 

78. Every polycyclic function may be expressed as the sum 
of the same number of monocyclic functions, as the function has 
cyclic constants. For if the number of cyclic constants be n there 
will be n simple non-evanescible circuits round which the circulation 
does not vanish ; hence if 

0 = *A+«A+ 

where are monocyclic functions, whose cyclic constants 

are unity ; and which are such that the line integral 
f(d^ doc ^ d^\ . 

J\dx ds^ dy ds^ dz ds) * 

taken round any closed circuit is zero, except when the circuit cuts 
the barrier corresponding to it follows that the circulations 
round each of the simple n non-evanescible circuits, are respectively 

equal to hence the circulation round a circuit which 

cuts each barrier once only is equal to aTj + 4 4 


Vorticity, 


79. Let a mass of rotationally moving fluid be divided up into 
elementary vortex filaments ; and let P be any point on the axis 
of one of these filaments, dm the mass of the filament which 
contains P, (o and dS the molecular rotation and cross section of 
the filament at P at time t. Then the quantity codSjdm is called 
the vorticity of the fluid at the point P. 

This quantity has the same value at all points of the filament 
which contains P, and is constant with respect to the time, for if 
the suffixes denote the initial values of the quantities (or their 
values at some given epoch) and ds is an element of the axis 
of the vortex element, the vorticity 


cods __ co^dS^ __ cOq 
“ 'dm l^p^dS^ ■“ Topo ’ 

by § 59, (1); where is the initial length of the filament. 

The aggregate vorticity of a mass M of rotationally moving 
fluid is equal to the sum of the vorticities of every filament, and 
therefore 


t<od8_ 

^pdSds 



(o cos edSf 
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where dS is an element of any surface which cuts all the vortex 
filaments once only, and e is the angle between the direction of ay 
and the normal to 8 drawn outwards. 

If the rotationally moving fluid is surrounded by irrotationally 
moving fluid, and consists of an arrangement such as a circular 
vortex ring, which is resolvable into elementary circular filaments 
which are perpendicular to the meridian sections of the ring, the 
aggregate vorticity is equal to ^/c/M, where k is the circulation 
round any closed circuit which embraces the ring once. But if 
the rotationally moving fluid consisted of the arrangement above 
described, together with an outer sheet which is resolvable into 
filaments lying in planes passing through the meridian sections of 
the ring, the circulation will remain unaltered, but the aggregate 
vorticity will be 

where ilf, is the mass of the inner ring, that of the sheet, and 
0 ), d8 are the molecular rotation and cross section at any point of 
one of the elementary filaments of the sheet. Hence the aggregate 
vorticity is not necessarily proportional to the circulation. 

OreerCs Theorem, 

80. The following theorem, which is of great importance in 
Electricity and various branches of physics, is due to Green \ 

Let (jy and yfr be any two functionSy which throughout the interior 
of a closed surface 8 are single valuedj and which together with 
their first and second derivatives are finite and continuous at every 
point within 8 ; then 

JJJ \da; dx dy dy dz dz) 

= Jf</>^dS-IJJif>y*^lrdxdydz ...(14), 

= jl^^dS-jjjw<l>dxdydz ....(15), 

where the triple integrals extend throughout the volume of 8, and the 
surface integrals over the surface of 8, and dn denotes an element of 
the normal to 8 drawn outwards. 


^ Mathematical Paperty p. 24. 
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Integrating the left-hand side by parts, we obtain 

Ills S - [// * S ‘*3'* ] - /// S 

where the brackets denote that the double integral is to be taken 
within proper limits. Now since the surface is a closed surface, any 
line parallel to co, which enters the surface a given number of times, 
must issue from it the same number of times ; also the ic-direction 
cosine of the normal at the point of entrance, will be of contrary 
sign to the same direction cosine at the corresponding point of 
exit ; hence the surface integral 

Treating each of the other terms in a similar manner, we find 
that the left-hand side of (IG) 

dxdydz. 

The second equation (15) is obtained by interchanging <j!> 

and 

81. We may deduce several important corollaries. 

(i) Let <f) be the velocity potential of a liquid, and let = 1 ; 
then = 0, and we obtain 

0 = jjj dxdydz =JJ ^ dS (17). 

The right-hand side is the analytical expression for the fact 
that the total flux across the closed surface is zero ; in other words 
as much liquid enters the surface as issues from it. 

(ii) Let <f) and ^ be both velocity potentials, then 



(iii) Let (j> = ^fr, where <p is the velocity potential of a 
liquid ; then 

If we multiply both sides of (19) by Jp, the left-hand side is 
equal to the kinetic energy of a liquid, and the equation shows 
that the kinetic energy of a liquid whose motion is acyclic and 
irrotational, which is contained within a closed surface, depends 
solely upon the motion of the surface. 
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82. Let us now suppose that liquid contained within such a 
surface is originally at rest, and let the liquid be set in motion by 
means of an impulsive pressure p applied to every point of the 
surface. The motion produced must be necessarily irrotational, and 
acyclic ; also if ^ be its velocity potential, it follows from § 42 (50) 
that jp = — pcf). Now the work done by an impulse, is equal to the 
product of the impulse into half the components in the direction 
of the impulse, of the initial and final velocities of the point to 
which it is applied ; hence the work done, 

and equation (19) asserts that the work done by the impulse is 
equal to the kinetic energy of the motion produced by it, which is 
a particular case of the Principle of Energy. 

83. Let us in the next place suppose that liquid is contained 
within a closed surface which is in motion ; and let the motion of 
the liquid be irrotational and acyclic; also let the surface be 
suddenly reduced to rest. Then if (f> be the new velocity potential, 
d^jdn = 0, and therefore 



whence d(f)ldx, dtfyjdy, and d^jdz are each zero, and therefore the 
liquid is reduced to rest. 

84. In proving Green’s Theorem, we have supposed that the 
region through which we integrate, is contained within a single 
closed surface, but if the region were bounded externally and 
internally by two or more closed surfaces, the theorem would still 
be true, provided we take the surface integral with the positive 
sign over the external boundary, and with the negative sign over 
each of the internal boundaries. . 

85. Let us suppose that the liquid extends to infinity and is 
at rest there, and is bounded internally by. one or more closed 
surfaces 8^ &c., and let us calculate the value of T for the space 
bounded by 8^ &c., and a very large sphere 8 whose centre is 
the origin. Then 

where the square brackets indicate that the integral is to be taken 
over each of the internal boundaries. 
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Now at the surface of 8, ^ will be of the order m/r, where m 
is a constant, and d4>/dn = d(f>/dr = — m/r® ; also if dil be the solid 
angle subtended by dS at the origin, d8 = r®dfl ; therefore 

which vanishes when r=oc. Hence the kinetic energy of an 
infinite liquid which is at rest at infinity, and which is bounded 
internally by closed surfaces is 

<“)• 

where the surface integral is to be taken over each of the internal 
boundaries. 

The preceding expressions for the kinetic energy show that 
if the motion is acyclic and the internal boundaries of the liquid 
be suddenly reduced to rest, the whole liquid will be reduced to 
rest. 


86. When the motion takes place in two dimensions, Green’s 
Theorem may be established in a similar manner. Let the liquid 
be bounded externally by a closed surface S, and internally by one 
or more surfaces Then 


]]\dx dx 





where = d^jdx^ + d^ldy^ and the square brackets denote that the 
line integral is to be taken once round the circumferences of each 
of the internal boundaries. Now if we integrate round the 
boundary of the liquid in the contrary directions of the hands of 
a watch, the integration with respect to y will be in the same 
direction and that with respect to x in the opposite direction 
to Sy whence the first integral becomes 

J ^ \dxds dy dsj 

also if dn be an element of the normal drawn outwards, 
dxjds = — dyjduy dyjds = dxjdn, 
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whence 


//(: 


dx dx dy dy 


) 


-/+2*- [/’^K*] -// ...(21), 


This is Green’s Theorem for two-dimensional space. 


Hence the kinetic energy of the liquid is 



(23). 


In this equation ^ may be either the velocity potential or the 
current function. 


If the liquid extends to infinity and is at rest there, the value 
of if single valued, at a great distance from the origin, must 
be of the form 

A log r -h (5 cos 0 + C? sin 0), 

and therefore when r is very large the first integral becomes equal 
to 2TrpA^ log r which becomes infinite when r = oo unless A = 0 ; 
when this is the case, since all the other terms vanish, we obtain 





ds 


( 24 ), 


the integrations being taken round the internal boundaries only. 


87. All the results of the last article may be also obtained by 
means of Stokes’ theorem § 68 (12), and they may be extended 
to the case of polycyclic velocity potentials in the same way as in 
the next article. It should however be noticed that if be a 
polycyclic function, it will contain terms of the form A6, and 
hence will contain terms of the form A log r and will therefore 
be single valued. We may therefore, in the case of cyclic motion, 
employ the single valued current function, instead of the velocity 
potential ; but when there is circulation it follows from the 
last article that the kinetic energy will be infinite if the liquid 
extends to infinity. We shall show how the difficulty thus intro- 
duced may be evaded in Chapter VIII. 
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Tho7nson*s Eoctension of Oreen*s Theorem, 

88. The proof of Green's Theorem given in § 80 holds good 
only when and ^ are single valued functions. If they are poly- 
cyclic functions, the surface and volume integrals on the right 
hand side of (14) and (15) become indeterminate. The extension 
of this theorem when ^ and are polycyclic functions is due to 
Sir W. Thomson \ 

Let us suppose that the region is multiply-connected, and that 
^ is a polycyclic function whose cyclic constants are aTj, k^,.. Let 
the region be made simply connected by drawing the requisite 
number of barriers. Since we are not allowed to cross any barrier 
during the integration, we must include the surface on both sides 
of the barrier in the surface integrals. Hence if d(T^,,,he 
elements of the different barriers corresponding to the quantities 
. . . respectively 



where on the right-hand side, the integration with respect to S 
extends over the boundaries, and that with respect to o-j over both 
sides of the barrier 

Now the values of d^fdn are equal in magnitude and of 
contrary sign at two contiguous points situated on different sides 
of the barrier, also the value of on the negative side exceeds 
that on the positive side by therefore 



where the integration on the left-hand side extends over both 
sides of the barriers, and that on the right over the positive side 
only. 

Hence instead of JJ<l>d^ldn . dS, we must write 



1 “On Vortex Motion,” Tram, Roy. Soc, Edin.^ vol. xxv. p. 217. 

6 


B. 
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Similarly if yfr were a polycyclic function whose cyclic constants 
are k\ we must write instead of JJylrd<f>ldn . dS^ 




d<T^ — 



Hence when (f> and yfr are polycyclic functions and the region 
is a multiply-connected one, Green’s Theorem becomes 



- ffJ<t>V*irda;clydz (25), 

■ fj'i' [fh * '*®] + //e +*'■//=*’•+ 

- ffffV*<l>da!dydz (26), 


where the first integrals on the right hand side are to be taken 
over the outer boundary, and the square brackets denote that the 
second integrals are to be taken over each of the internal bound- 
aries. 


89. Putting — it follows that if the liquid extends to 
infinity and is at rest there, 

^-y[lh t E.+ ,.,(27). 

The first term represents the work done by the impulsive 
pressure which must be applied to the boundaries S in order to 
produce the actual motion from rest. The second term represents 
the work done by a uniform impulsive pressure K^py applied in 
the positive direction to every point of the barrier corresponding 
to Hence cyclic irrotational motion may be artificially gene- 
rated by means of a proper impulsive pressure applied to every 
point of the boundaries, together with uniform impulsive pressures 

Kj) applied respectively to every point of the barriers, 

which must be drawn in order to make the region occupied by 
the liquid simply connected. We may therefore generalise the 
theorem of § 85, by asserting that if irrotationally moving liquid 
occupying a multiply-connected spacCy is hounded by moving surfaceSy 
which are suddenly brought to rest, the whole liquid will be reduced 
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to rest unless its motion is cyclic ; and that in the latter case, the 
cyclic motion which could have been generated in the manner above 
described will not be destroyed, 

90. The foregoing arguments show that if the bounding surface 
of a liquid which was originally at rest, be made to vary in a given 
arbitrary manner, the kinetic energy of the liquid at each instant, 
will be less than it would be if the liquid had any other motion con- 
sistent with the given motion of the bounding surface. 

Since the liquid is originally at rest, the motion which is 
caused by the variation of the bounding surface will be acyclic 
irrotational motion. But the most general kind of motion which 
is possible within the surface is a combination of acyclic, cyclic 
irrotational motion, and vortex motion. The first can be destroyed 
by means of a suitable impulsive pressure applied to every point 
of the boundary, but the two latter cannot be destroyed by any 
operations performed on the boundary alone. Hence the kinetic 
energy of the acyclic motion alone, must always be less than the 
kinetic energy of the most general possible motion. 

This theorem is due to Sir W. Thomson ^ 

91. When the motion is rotational the kinetic energy cannot 
be obtained by Green’s Theorem, since within a vortex there is no 
velocity potential. In this case 

T = ^p JJf + w^) dxdydz, 

/dd> dM dL\) , , 7 

by § 60. Integrating by parts, the terms involving <f> 

-h mi; + nw) dS, 

since the volume integral vanishes by virtue of the equation of ' 
continuity. The other terms 

= ip // {X (nv - mw) + M(lw — nu) + N (mu - Iv)] dS, 

I << Kotes on Hydrodynamics,” Camb, and Dubl. Math. Joum., yol. rv. p. 90. 

G— 2 
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If the liquid extends to infinity and is at rest there, and all the 
vortices are within a finite distance of the origin, the surface 
integrals will vanish and we obtain 

2’ = p/// (2'f + Ml! + dxdydz (28). 


92. Let us now suppose that we have two closed vortices of 
small cross sections o-j, a-,. Let d«,, ds, be elements of their lengths ; 
the circulations due to them ; then 

where the line integrals extend round each respective vortex. Now 
Therefore ^ ^ + 25*,*, + (7*,*) 


where A 


f fl (dx dx dy dy dz dz\ j , , 

= JJr la; */ + 3,. *7 j • 

f [1 (dx dx dy dy dz dz\ , , 

= Jh te. a/ 4 4 + s; *.) *■ 


and C is obtained from A by changing s^, s/ into s^\ If e be the 
angle between the two elements ds^, these expressions may be 
written 


o.fl^ 


ds^ds^. 


The quantities A and G are evidently the coefficients of 
self-induction of two electric currents of unit strengths which 
coincide with the vortices and tc^ respectively, and the quantity 
B is the coefficient of mutual induction of two such currents. 
Hence the kinetic energy of the hydrodynamical system is equal 

to the electro-kinetic energy of two currents of strengths \k^ {pl'rr)^ 

and J^9(p/7r)^ respectively, which occupy the positions of the 
vortices. This proposition may easily be extended to any number 
of vortices. 
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93. Another expression for T may be obtained in the form 
T = 2p ///{m (yf— Zfj) + V («| — co^ + w{ayq — y^]dxdydz . . .(29). 

For the first term 

“ ///“ Hs ■ t) ■ * (S ■ &)} 

= -pj + wz)^-u*- dxdydz, 

since the surface integral vanishes. Transforming the other terms 
in the same way, adding, and making use of the equation of 
continuity, we obtain 

Integrating the last three terms by parts, the right hand side 
of (29) 

= i P ///(^* + + v)^) dxdydz. 

94. When the motion is symmetrical with respect to the axis 
of z, an expression for T may be obtained in terms of Stokes' 
current function ; for 



where the first integral refers to the external, and the second 
integral to the internal boundaries of the liquid. 

Now in order that this kind of motion may be possible, it is 
necessary that the boundaries should be surfaces of revolution 
whose axes coincide with the axis of z. Let s be an element of 
the meridian curve of one of the boundaries, and let the inte- 
gration with respect to s be taken from z to cr. Since the 
integration with respect to m will be in the same direction, and 
that with respect to z in the opposite direction to 5, the first 
integral becomes 

J^Xdzds drz d8)^~] w dn^’ 
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where dn is an element of the normal drawn outwards. The 
volume integral is equal to 

where to is the molecular rotation : whence 

» 

If the motion is irrotational and the liquid extends to infinity, 
and is at rest there, 



where the integration is taken once round the meridian curves of 
each of the internal boundaries. 


On the Connection between Vortex Motion and Electromagnetism. 

95. In § 60, we have shown that the velocity potential at P 
due to a single closed vortex filament of strength m, is 

^ — mUjiTTy 

where il is the solid angle subtended by the vortex at P. 

This is the magnetic potential of an electric current of strength 
— m/27r, which flows round a closed circuit coinciding with the 
vortex (Maxwell, Electricity and Magnetism^ vol. ii. §§ 410 and 
484). Now the magnetic potential due to such a current is the 
same as that due to a simple magnetic shell of strength — m/27r 
which is bounded by the current ; also by § 48, ^ is the velocity 
potential due to a doublet sheet of strength mj^ir bounded by the 
vortex. Hence a vortex filament and a doublet sheet respectively 
correspond to an electric current and a magnetic shell, and a 
vortex sheet may be replaced by a doublet sheet in the same 
manner as an electric current may be replaced by a magnetic 
shell. 

The action of a vortex filament upon the surrounding liquid is 
determined by the quantities i, M, N, whence it follows from (3) 
that the molecular relation corresponds to an electric current ; the 
quantities L, My N to the components Fy (?, H of electromagnetic 
momentum ; and the velocities u,v,v)\jo the components a, 7 
of magnetic force (see Maxwell, § 616). 
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Also the magnetic potential of a magnetic shell, and the 
velocity potential due to a doublet sheet are essentially single 
valued functions, since the line integral of magnetic force and 
the circulation are zero for all circuits which do not cut the shell 
or doublet sheet, and which it is not permissible to cross ; on the 
other hand the magnetic potential due to an electric current, and 
the velocity potential due to a vortex, although represented by 
the same quantities, are cyclic functions, the cyclic constant being 
equal to 2m, where m is the strength of the vortex. This cyclic 
constant is equal to the line integral fd<l>/ds . ds taken once round 
a closed circuit embracing the vortex or current once ; and in the 
former case it represents the circulation, and in the latter case 
the work which would have to be done in moving a magnetic 
pole once round the current in opposition to the magnetic force 
exercised by the current (Maxwell^ § 480). 

The potential energy of a magnetic shell of strength — 1, 
placed in a magnetic field, the components of whose vector 
potential are jP, (?, H is {Maxwell, § 423) 

The flux through a closed vortex ring is, 

// {ly' + mv + nw) dS 

and this corresponds to the potential energy of the magnetic 
shell. 

The following table shows the connection between the two 
subjects : 
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Hydrodynamical Quantities 

Electromagnetic Quantities 

Name 

Symbol 

Name 

Symbol 

Velocity of Liquid 

W, V, w 

Magnetic Force 

A r 

Molecular Rotation 


Electric Current 

W, Vy V) 


X, A/, N 

Electromagnetic 

Momentum 

F, G. u 

Velocity Potential 
due to Vortex 

4> 

Magnetic Potential 
of Current 

n 

Vortex Filament 


Electric Current 


Doublet Sheet 


Magnetic Shell 


Circulation 

K 

Work done in 
moving a Magnetic 
Pole once round 
Current 


Flux through Vortex 


Potential Energy 
of Magnetic Shell 

i 



In addition to the papers cited in the preceding chapter, we 
may refer to the following by Sir W. Thomson ; “ Vortex Atoms,” 
Phil, Mag, (4) xxxiv.; “Vortex Statics,” Proo, Roy, Soc, Edin, 
1876 ; “On Maximum and Minimum Energy in Vortex Motion,” 
Phil, Mag, (5) xxiii. p. 529. 

The theory of rectilinear and circular vortices will be discussed 
in the second volume. 
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EXAMPLES. 

1. Liquid is contained in a simply-connected surface 5^ ; if 

is the impulsive pressure at any point of the liquid due to any 
arbitrary deformation of S subject to the condition that the 
enclosed volume is not changed, and -bt' the impulsive pressure for 
a different deformation, show that 

2. If a sphere ^be immersed in a liquid, prove that the 
kinetic energy of the liquid due to a given deformation of its sur- 
face, will be greater when the sphere is fixed than when it is free. 

3. If V be the attraction potential of a uniform circular 
lamina of unit density, in the plane of xy, prove that wdVjdz will 
be the velocity potential of a circular vortex filament coinciding 
with the boundary of the lamina. 

4. The boundaries of a liquid are two fixed concentric cylinders 
of radii a and c. Provo that if the motion of the liquid is irrotational 
and in two dimensions, the velocity potential must be equal to 
Kdj^TTy where k is the circulation round any closed circuit which 
embraces the inner cylinder once only; and that the kinetic 
energy is equal to /c* (47r)'^ log a/c. 

5. Apply the equations of impulsive motion, to show that if 
liquid be contained within a closed surface, the circulation and the 
molecular rotation cannot be altered by any impulse applied to 
the boundary. 

6. A mass of ice is contained within an ellipsoidal case which 
is rotating in any manner about its centre : prove that if the ice 
be melted and the boundary be deformed in such a manner that 
it remains ellipsoidal, the resultant molecular rotation at any 
point is proportional to the diameter of the ellipsoid which is 
parallel to the tangent to the vortex line at that point. 
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ON THE MOTION OF A LIQUID IN TWO DIMENSIONS. 


96. The solution of questions relating to the motion of a 
liquid in two dimension^, can be most conveniently effected by 
means of Earnshaw’s current function ylr. This function when the 
motion is irrotational, which will be the case in most of the 
problems discussed in the present chapter, satisfies the equation 


^ 4 -^ = 0 

dai‘^ df ^ 


the solution of which is 


ir=f(a;+i,y) + F(a!-iy) (2), 

-t’ "-t (»)■ 

If the liquid is bounded by fixed surfaces, the normal component 
of the velocity must vanish at the boundaries. This condition 
requires that = const, at all points of boundaries which are fixed. 


97. When the cylindrical boundary is in motion, the following 
conditions must be satisfied at its surface. 

(i) Let the cylinder be moving with velocity U parallel to the 
axis of a?, and let 6 be the angle which the normal to the cylinder 
makes with this axis ; then at the surface 

ucos 0 + V sin 9 = U cos 0. 

Now cos 0 =» dy/ds ; sin 0 = — dx/ds ; therefore by (3) 
dyfr _ dy 
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Integrating along the boundary, we obtain 

■^=Uy + A ( 4 ), 

where -4 is a constant. 


(ii) If the cylinder be moving with velocity V parallel to the 
axis of y, the surface condition in the same manner can be shewn 
to be 

yjr = ^ Vx + B ( 5 ). 

(hi) Let the cylinder be rotating with angular velocity cn; 
then at the surface 


or 


u cos 0-^v sin 0 = -Q)y cos 0-hQ)a: sin 0 
d'dr dr 


Therefore + G (6), 

where r = + j/*. 

When there are any number of moving cylinders in the liquid, 
conditions (4), (5) and (6) must be satisfied at the surfaces of each 
of the moving cylinders. 

In addition to the surface conditions, i/r must satisfy the 
following conditions at every point of space occupied by the 
liquid ; viz. must be a function which is a solution of Laplace's 
Equation (1), and which together with its first derivatives must be 
finite and continuous at every point of the liquid. If the liquid 
extends to infinity and is at rest there, the first derivatives must 
vanish at infinity. 


Conjugate Functions. 

98. Def. If f and r] are functions of x and y such that 

?+‘’7=/(®+ty) (7) 

Ihen f and 17 are called conjugate functions of x and y. 

Differentiate (7) with respect to x and y respectively, eliminate 
the function f and equate the real and imaginary parts in the 
resulting equation, and we shall obtain 

/ox 

dx dy^ dy dx ^ 
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Now, if <!> and yfr be the velocity potential and current function 
of a liquid, it follows that if <f> and yfr are written for f and 17 
respectively, equations (8) are satisfied; hence ^ and ^ are 
conjugate functions of a and y. 


99 . Again 



+ 

II 

0 

( 9 ). 



(10), 


Vt=0, v*^ = o 

(11). 

where 

V = d*/d®* + (?/%*. 


Equation 

( 9 ) shows that the curves ^ = const., 77 

= const, form 

an orthogonal system. Equations (2), ( 7 ) and (11) show that 


=/(«! + ty) + i?' (« - ty)| 

2ti7 =f {x ■\-ty)-F{x- ly)) 

(12). 

whence 

^ - ty = F (x - ty). 



Hence if ^ (x, y,c )^0 be the equation of any family of 
curves which can be expressed in the form 

2% (p) = =/(a? +cy)+F{x- ly) 

the equation of the orthogonal system of curves will be 
=/(a; + ey) - - ly), 

where 17 is constant along each curve of the orthogonal systenj. 
Again we have 

Therefore if ds be the distance between two adjacent points, 

Hence if cfe^, (Z5, be small arcs of the curves f and 97 respec- 
tively 

it-t] » 

100. If and are conjugate functions of f and 17, then 0 and 
are conjugate functions of x and y. 



therefore 


CONJUGATE FUNCTIONS. 
<f> + i-tfr - F + irf) 

^ + i7)=f{x+iy), 

4 > + ‘"f = X (® + ty)- 


101. Let p and q be the velocities perpendicular to f and 17 
in the directions in which these quantities increase, then 

1 

dq ,,,, 


^~dSi~'^dq~ d^) 

If we consider a small curvilinear rectangle bounded by the 
curves f , r; ; f 'n + Srj, the difference between the fluxes over 
the faces ^ and r) + 8?/, and those over the faces ^ and rj is 


1 J*-2 d" “j 2 


d^d/t) = J* 


Vdr dW ^ ' Ur " d,,V 

but if we choose the two tangents to the curves f and at their 
point of intersection as the axes of x and y, the difference between 
these fluxes will be 

V^^dxdy. 

Hence ^*-^(11+^.) W 

In the case of an irrotationally moving liquid, both sides of 
this equation must be zero ; hence Laplace’s equation when trans- 
formed into any variables r) which are conjugate functions of 
X and y, becomes 

w- 

If we assume as the value of yfr any solution of (1) or (16) 
and substitute this value in any of the three equations (4), (5) 
or (6), we shall obtain a system of curves, any one of which would, 
by its motion in the prescribed manner, produce lines of flow 
determined by the equation yjr = const. 

102. We shall now give some examples. 

(i) Let ir = -i Fo* ^ 

' ' ^ ^ x—iyj 


( 17 ). 
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When r = a, — Fa? ; also the velocity is finite and con- 
tinuous at all points outside the cylinder r = a, and vanishes at 
infinity ; hence yjr is the current function when a circular cylinder 
of radius a is moving in an infinite liquid with velocity V parallel 
to y. 

The velocity potential is 

2id>=Va’‘(-}- 
^ \a!+ ly a? — ly) 

or •^ = - ^ (18)- 

The paths of individual particles of liquid due to the motion 
of a cylinder along a straight line, have been calculated and traced 
by Clerk-Maxwell \ 

(ii) If the liquid instead of extending to infinity is bounded 
by a fixed concentric cylinder of radius c, the initial motion of the 
liquid can be obtained as follows. 

Since {x + ty)** is a solution of Laplace's equation, it follows 
that r** {A cos n6 + B sin nd) is also a solution, where n is any 
quantity positive, negative, real or complex. 

Hence if the inner cylinder be moved along the axis^f x with 
initial velocity U, we may put 

( B\ 

Ar + - j cos 6, 

When r = a, d^jdr = U cos d, whence 

U. 

or 

When r = c, d<f)/dr = 0, whence 

^ -^ = 0 . 

C 

Therefore </> = — 0. 

This is the expression for the initial value of the velocity 
potential. The motion at any subsequent time after the cylinders 
have ceased to be concentric will be determined in § 122. 

1 “ On the Displacement in a case of Fluid Motion,” ProCf Lond, Math^ Soc, 
vol. III. p. 82, 
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(iii) Let {(« + ty)* + (a; — ty)*} 

= A{af — Sasy') = Ar ^ cos 3^. 

Substituting in (6) the equation of the boundary becomes, 

A(a^ — + Jw («* + y'‘) = C (19). 

If we choose the constants so that the straight line x = a, may 
form part of the boundary, we find 

^ 6a ’ ^ 3 • 

Hence (19) splits up into the factors 

(a? — a) ; x-\- j/VS + 2a ; a? — ysj^ + 2a. 

The boundary therefore consists of three straight lines forming 
an equilateral triangle, whose centre is the origin. 

Hence is the current function due to liquid contained in an 
equilateral prism, which is rotating with angular velocity o) about 
an axis through the centre of inertia of its cross section. The values 
of and (f>, when cleared of imaginaries, are 


7^ cos 30, — sin 30. 

^ 6a ^ 6a 

(iv) Let {(a; + lyY + (a? - tyf} 

= A(x^^y% 

Substituting in (6) we find 

A (a?* -- y^) + ^6) (a?* + y*) = (7 

W + 2A 1 a>^2A 1 


o> 


Putting 


2(7 


2G 




.( 20 ). 


the equation of the boundary becomes 




(21). 

, , <» a* — 6* , , 

+ 

(22). 


^ is therefore the current function due to the motion of liquid 
contained in an elliptic cylinder, which is rotating about its axis. 

The preceding value of yjr is also the current function, when 
the liquid is bounded by two concentric, similar and similarly 
situated elliptic cylinders. 
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103. To find the current function when liquid is contained in a 
•ectangular prism which is rotating with angular velocity a> about 
Its axis\ 


If 2a, 2c be the sides of the cross section of the prism, the 
joundary conditions are 


dyjt 

«=_^= 




when cc = ± a, 


doo 


— <oXy when y = ±c. 


Also 

Let 


= 0 . 

X - («’ + y‘) = '^\ 


then 


0 , 


ix, 

dy 

^ = 0 
dx ’ 


= + a 


.(23), 

.(24). 


y= + c 

and — 26) = 0 ... . 

Let S (0 cos Xa? + f sin Xa?), 

where 0 and f are functions of y alone. Substituting in the Urst 
of (23) we obtain, 

S , cos Xa + sin Xa = 0, 

\dy - dy / ’ 

therefore ? = 0, 

X.(2» + 1)£. 


Hence 


X=S0^+iCOs(2»+l) 


vx 

2a 


.(26). 


Substituting this value of ;j^ in (24), we obtain 
2 - (2» + !)■ ^}«... C08 (2» + 1) g - 2» - 0 . . .(26). 

Now |“_co,(2«+l)|?*.J^^, 

and j cos (2m + 1) ^ cos (2n -f 1) ^ da: = 0 or a, 
according as m is unequal or equal to n. 


^ Stokes, “ On some cases of Fluid Motion,” Trans. Camb. Phil. Soc. vol. viii. 
p. 105. Ferrers, “ Solution of certain questions in Potentials and Motion of 
Liquids,” Quart. Joum. vol. xv. p. 83. For the expressions for the component 
velocities of the liquid in terms of elliptic functions, see Greenhill, Q^art. Joum. 
vol, XV. p. 144. 
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Multiplying (26) by cos (2n + 1) nrxj^a, and integrating between 
the limits a and — a, we obtain 


_ (2n + l)V _ (-)’‘8a) _ . 
dy" 4a’ (2»i+l)7r 


therefore 

-^„co.h(2„+ 1) 2 sinh (2» + 1) 3 - . 

If we substitute this value of in (25), and then substitute 
the resulting value of x iii the second of (23), we obtain 

^2»-fl = 0, 


whence 


{2n + 1)V* cosh (271 + 1) TTcj^a ' 


_ 32a®ci) ( — )” cos i2n + 1) Trx/2a . cosh (2n + 1) iryj^a 

^ TT® ® (2n + 1)® cosh (2/1 + 1) 7rc/2a 

32a®<i) ( — )** cos (2?i + 1 ) TTxJ^a 

(2n + 1)® ‘ 

Now if ^ lies between Jtt and — ^tt, 


cos z — ^ cos 3^ + ^3 cos 5^ — 


32 8 ’ 


hence the second series is equal to « (a^ — x^), and the value of 
is therefore 

\lr = — coa^ — ^<o {a? — if) 

32a*ft) ^ { — Y cos (2w + 1) 7r^/2a cosh (2?/ + 1) iryj^a 

TT^ ° {2n 4* 1)® cosh (2n + 1) 7rc/2a 

A more symmetrical expression may be obtained from the 
consideration that yfr must be unaltered when a and x are written 
for c and y; making these changes and adding the results we 
obtain, 

= - ^a> (a* + c“) 

16a®G) ^ (—Y cos (2?i + 1) TTxj^a cosh (2?i + 1) iryl^a 
TT® ° (2?i + 1)® cosh (2/1 + i) 7rc/2a 

16c^a> ^ (— )” cos (2n + 1) Try /2c cosh (2n + 1 ) 7ra?/2c 
TT® ® (271 + 1)® cosh (2n + 1) 7ra/2c 
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104. To find the velocity potential when liquid is contained in 
a cylinder whose cross section is the sector of a circle, which is 
rotating about an aosis through the centre of the circle^. 


Let a be the angle of the sector, a the radius of the cylinder, 
0 ) its angular velocity, then 


+ 

1 

+ 

II 

o 

(27), 

and the surface conditions are 


1 ^ — car, when 0 = 0 or a 

r da 

(28). 

^ — 0, when r = a 

dr 

(29), 


also ^ must not become infinite when r = 0. 

Let <f)=i It cos X(0 + /3), 

where JR is a function of r alone. Substituting in (27) we obtain 


d^R l(m_RX^^ 
dr^ ^ r dr r* ' 
the solution of which is 

R = Ar^ + Br'’^, 

Hence since \ has not at present been determined, the value of 
^ may be written 

^ cos 2 (0 + iSo) + ^ + Br-^) cos X (0 + )8). 

Substituting in (28) we obtain 

r* sin 2 (0 -f ^ X {Ar^ + Br~^) sin X (0 + /8) = - corl 

This equation is satisfied, provided 

2 X {Ar^ 4- J5r“^) sin X (0 + /8) = 0, J 
which requires that 

Wq = — a, 2 J-o cos a = — <», 

)8 = 0,’ X = {2n + 1) tt/x 

1 Stokes, “On the critical values of the sums of periodic series,” Trans. Camh. 
Phil. Soc. vol. VIII. p. 633. Greenhill, “Fluid motion in a rotating semi-circular 
cylinder,” Mess. Math. vol. viii. p. 42; “Fluid motion in a rotating quadrantal 
cylinder,” Ibid. p. 89; “Fluid motion in a rotating rectangle formed by two 
concentric circular arcs and two radii,” Ibid. vol. ix. p. 35; “On the motion of a 
friotionless liquid in a rotating sector,” Ibid. vol. x. p. 83. 
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Therefore 

A = n sin (20 — a) 

^ 2 cos a ' 

+ + .B,r-(2»+i)’^/“]cos (2n + 1) 7r0/a. 

Since ^ must not be infinite when r = 0, £„ = 0 ; substituting 
in (29), we find that for all values of 0 between a and 0, 


aa sec a sin (20 — a) + ^ (2« + 1) cos (2n +1) TrO/y. = 0, 

whence by Fourier’s theorem 

47ral„(2« + l)a!^+W«=: _ <aa®secaf sin(20 — a)cos(2ft+l)'7r0/a<f0 

•J 0 


therefore = 


4<»a®a® 

8ft)a®a 


" (2n +"l){(2w + l)V®-4a®; 


^-(2»+l)jr/a^ 


and 6 = — r® sin (20 — a) 

^ 2 cos a ^ ^ 


+ 8ft)a®a S. ( - 


00 /^\ ( 2 »+l)ir/a 


COS (2n + 1) TT^/a 


TT (2r^ 4- 1) [(2n + 1)® TT® — 4a®} * 


105. The interpretation of this expression presents no difficulty 
so long as a < tt, but when a > tt the velocity becomes infinite at 
the origin. The following explanation of the motion which takes 
place when this is the case, is given by Prof. Stokes : 

‘‘Let OAB be a section of the sector made by a plane 
perpendicular to the axis, and cutting it 
in 0. Suppose the cylinder turning round 
0 in the direction indicated by the arrow. 

Then the liquid in contact with OA and 
near 0, will be flowing relatively to OA, 
towards 0, as indicated by the arrow at 0. 

When it gets to 0, it will shoot past the 
face OB; so that there will be formed a 
surface of discontinuity indicated by the dotted line, extending 
some way into the liquid, the liquid underneath this line and near 
0 flowing in the direction A 0, while the liquid above is nearly 
at rest.” 
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Whenever a liquid is flowing past a sharp edge, the analytical 
expression for the velocity, calculated on the assumption that the 
liquid is perfect and flows according to the electrical law of flow, 
always becomes infinite at the edge; a result analogous to that 
which occurs in the theory of the distribution of electricity on 
conductors, where it is found that the analytical expression for the 
density upon a conductor having a sharp edge becomes infinite at 
the edge. 

The mathematical investigation of the discontinuous motion 
which takes place in such cases is one of great difficulty, but 
certain special cases will be considered in the next Chapter. 

106. The problem of finding the velocity potential and current 
function, when a cylinder whose cross section is a given curve, is 
moving in an infinite liquid, has been solved in comparatively 
few cases. The theory of conjugate functions affords a powerful 
method of attacking such problems, but the principal difficulty 
consists in finding a relation between the ' complexes and 

X + ty, such that the given boundary shall be represented by some 
particular value of one of the functions f or rj. 

The principal solutions of this problem, which have hitherto 
been obtained, will be given in the following articles. 


107. Let a? + ty = c cos - 61;) (30), 

then a; = c cos f cosh i;, 

2/ = c sin f sinh i;, 

and the curves rj = const., f = const, are a family of confocal ellipses 
and hyperbolas. 

If a and b be the semi-axes of the cross section of the ellipse 
i; = )8, then 

a = c cosh /8, 

6 = c sinh 13, 


c* (cosh 2r) — cos 2f) 


Here rj may have any positive value, and | may have any real 
value whatever; when 17 = 0, the ellipse becomes a double line 
joining the foci ; and when 1; = 00 the curves become circles ; also 
J vanishes at infinity. 
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Now satisfies the equation 


d‘-<fr 


= 0 


and this equation is satisfied by the expression 


(32). 


Aij + Sj 6“*’' (J.„ cos wf + sin wf) (33), 

which is the proper form of a potential function outside an elliptic 
cylinder, since by (14) and (31), it makes the velocity vanish at 
infinity. 


To find the form of yfr inside the cylinder, we observe that (32) 
is also satisfied by the series 
00 

(A^ cosh UTj cos sinh njj sin + 0^ sinh nij cos 

+ Dn cosh nr) sin n^) (34). 

Now if we examine the components of the velocity in the 
neighbourhood of the line joining the foci, it will be found that 
they will be discontinuous, unless d^jdr) and d^jd^ either vanish 
or change sign in passing from one side of this line to the other ; 
the last two terms of (34) are therefore inadmissible. Hence every 
potential function, which together with its first derivatives is finite 
and continuous inside an elliptic cylinder, must be of the form 
00 

{A^ cosh nr) cos nf + sinh nr) sin nf ) (35). 

This value also makes the component velocities finite at the 

foci; for in the neighbourhood of these points Jb = (S//® + 

and from (35) both dy^jd^ and dy^/dr) are infinitesimals of the first 

order. 

Hence, by (4) and (5) if be the current functions when 

the cylinder ^ = /8 is moving parallel to x and y with velocities 
U and F respectively, 

sinh /S sin f | 
yjry= -- cosh cos ^ j 

Again, r® — a?® + «/* = (cosh 2r) + cosh 2^). 

Hence, if be the current function when the cylinder is 
surrounded with liquid and is rotating with angular velocity o), we 
must put 


cos 2f. 
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Substituting in (6) and putting 97 = y8, we obtain 
A cos + ic*(i)(cosh 20 + cos 2f) = G, 

Hence C = cosh 20, 

and '^1^8 ~ ~ cos 2f (37). 

The value of the velocity potential may be deduced from the 
preceding values of yfr or from the corresponding expressions for an 
ellipsoid, which will be given in Chapter vii. and which were first 
obtained by Green^ and Clebsch®. The expressions in the text are 
due to Prof. Lamb®. 

The motion of a liquid in a rotating cylinder, whose cross 
section is formed (i) by the arcs of confocal ellipses and hyperbolas, 
(ii) by arcs of confocal parabolas, has been investigated by Dr 
Ferrers^ 


108. We shall now solve the same problem for a cylinder 
whose cross section is the inverse of an ellipse with respect to its 
centre*. 


Let 


os + i7j = csec{^-h iv) 


(38). 


then 




\cosh^ 7} sinh*^ rj 
\cos f sin 


whence the curves f = a, v = ^ inverses of a family of 

confocal hyperbolas and ellipses with respect to their common 
centre. 


Also 


cx 

7 


cosh 1 ] cos f , 


“ = sinh 7 ] sin f , 

^ = cosh 2^7 + cos 2 f, 
r* 

p ~ (cosh 2?7 + cos 2 ^y 
2c® (cosh 217 — cos 2 f) 


( 39 ). 


^ Tram. Roy. Soc, Edin. vol. xiii. p. 54. 

2 Crelle, vol. lii. p. 119. 

* “ Some hydrodynamical solutions,” Quart. Joum. xiv. p. 40. 

* Quart. Journ. xvii. p. 227. 

® Ibid. vol. XIX. p. 190, and vol. xxi. p. 336. 
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Here r) may have any 'positive value, and f any value positive or 
negative, but as the values of x and y are periodic with respect to 
it is only necessary to consider values of f lying between 0 and 27r. 

When f] is large the curves const, consist of small oval 
curves about the origin, with which they ultimately coincide when 
97 = 00 ; and when 9; = 0 they become two double lines extending 
from the points x=±c to infinity in the positive and negative 
directions respectively. 

Also when r) is large 

Hence, within the cylinder, every potential function must be of 
the form 

cos nf + sin nf ) ( 40 ). 

Outside the cylinder, every potential function must be of the 
form 

oc 

2 ^ {A^ cosh nrf cos sinh ny sin n^) ( 41 ), 

for the velocities will be discontinuous along the two double 
lines, unless dy^jd^ and dy^ld'q either vanish or change sign in 
crossing from one side of these lines to the other, and ( 41 ) is the 
only form which satisfies these conditions. This form also makes 
the velocity at the points x = ±c finite. 

Now x-\- ly sec + iri) 

1 4. g-2i7+2nfc 

= 2c + e — &c.); 

therefore = 2c 2^ (—)" ^ cos (2w + 1) f, 

y = 2 c 2 , (-)” sin (2n + 1) 

Hence, if yjr^ be the current functions when the cylinder is 
moving with velocities U and V parallel to x and y respectively, 

. aTT ^ sinh ( 2 n + 1 ) 7 ? sin ( 2 « + l)f - . q. 

2£rc2,(-) 

) cosh(2n + l)^ ^ 

where /8 is the value of 97 at the boundary. 
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109. The two series (42) and (43) constitute the complete 
solution of the problem when the motion of the cylinder is one of 
translation. The results can however be put into a more compact 
form by means of elliptic functions. To do this, let 

f = M, ^ — = Kjir = K'j2^, so that q = ; then 

* = 2 Uci So (2w + 1) M - cos (2« + 1) 


= - -{cosecam (■ 

ir I 


^ fTct (sec — sec t)) ; 


lA f2Kv „ 

+ K\— cosecam ( + K 


•)} 


therefore 


" UKcl 

^ TT 


cosecam 


/2Ku 

\ TT 


+ K 


f2Kv j^\) j-j. 
— cosecam ( + K jV + Uy, 


Putting K=0y ^Kr)l'n‘ = dn® 0 = a, sn® (^, k') = /8, 

and clearing of imaginarics, the term in brackets becomes 

^ 24 (1 — ayS) F sn cn cn 0 dn 0 


the functions of ^ being to modulus k'. 
The denominator of S 


therefore 


where 


= (1 ~ ayS) (1 + - a - 

a__ _ sn cn 0 cn 0 dn ^ 
dn^ — dn''* 6 cn* </> 

_ 24/c'^ sn cn 0 sn 
1 — sn* dn* (f> ' 

X = 2Zf/w. 


Hence we finally obtain 

the functions of f being to modulus k, and those of rj to modulus k\ 
Similarly 

yfr^ — — VKk c i secam - — + secam y — Vx. 

IT ( IT TT J 
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Putting 2 ^f/ 7 r = x. ^Krijir^^, dn®;)^ = a, sn*(<^, k') = ^, and 
clearing of imaginaries, the term in brackets becomes 

„ _ 2F (1 — a/8) cnOcn <f) ■ 

* “ (a - k"^) (1 - / 3 ) + a /3 (1 - a) (1 - k'^ 0 ) ' 

The denominator 

= (l-a/S){a-&'“(l+aiS-y8)}, 

therefore S = • 

1 — sxL x dn <#> 

Hence we finally obtain 

— VKk'c CD (K 7)/^) y. . 

y/r, ^yJiA!C.^_ gn«(2Zf/7r)dn‘(^V/3) 


110 . When the cylinder is rotating about its axis with angular 
velocity «, the surface condition is 

Now 1+ sinh 2/3 _ e^^ + cos2g 

n- 2^ cosh 20 + cos 

1 1 
= 2 + 2Sr ( - )" cos 2n?, 

therefore 

1 2 ^ 

cosh 2 y 3 4- cos 

= c* cosech 2y8 -f 2c® cosech 2^8 Sj ( — )" cos 2/1^. 
Therefore 
— — a)C® cosech 2/8 


111 . If liquid is contained in a cylindrical cavity bounded by 
the curve »? = / 3 , 

^ = _ (oc* cosech 20 — 2 wc® cosech 2 ;S 2 , ( — )" e"*"’’ cos 2 w^ 

= - «c® cosech 20 - ®c® cosech 20 - l) 

— _ cosech 2)8 sinh 27 / 
cosh 2 rf 4 cos 25 
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112, The results of § 109 admit of various interpretations, by 
means of which we can obtain the solutions of several problems in 
other branches of physics. Thus the function yjr^ is 

(i) The potential without the cylinder, of the induced 
charge, when the cylinder is placed in a field of uniform electric 
force parallel to x. 

If we invert with respect to the origin, which is equivalent to 
putting for x, and x-\- ty — c cos irj), is 

(ii) The potential of the induced charge within an elliptic 
cylinder which encloses an electric system whose potential is 
Vc^xjr^ 

(iii) is the temperature within a solid elliptic cylinder 
whose boundary is maintained at a temperature — Vc^x/r^, 

113. The equation 

x + iy==^ 2c sec® H? + ^v) 

represents a family of confocal lima 9 ons. The curves rj = const, are 
the inverses with respect to a focus of a family of confocal ellipses, 
whilst the curves f = const, are the inverses with respect to the 
same focus of the orthogonal family of confocal hyperbolas. The 
current functions due to the motion in an infinite liquid of a 
cylinder whose cross section is the curve rj — also of liquid 

contained in a rotating cylindrical cavity of this form, may be 
obtained in a similar manner to that employed in §§ 109 — 111 (see 
Quarterly Journal, Vol. xx. p. 234). 


114. Let us now consider the system of curves given by the 
equation 

{x + i^yf — c® 
c® 


^+ti7 = ilog 


This is equivalent to the system 

(a?® — 2/® — c®)® + 4a?®i/* = cV^ (48), 

^® — y* — c® = 2xy cot 2^; (49). 


(48) is the equation of a family of confocal lemniscates, the 
distance between whose foci is 2c; and (49) is the equation of 
a family of rectangular hyperbolas, each of which passes through 
the foci of the lemniscates and cuts them orthogonally. 
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It is easily seen that 

2® = C {1 + + C {1 + 

2ty = c {1 4- — c {1 + 

r* = c*(l + 2€«cos2i? + 6«)i, 



= (1 + 26 -'^ cos 2 i 7 + e-«)i. 

f and 7j may have any values whatever. At infinity, f = oo , 
/ = 0 ; at either of the foci f = — oo and J = e“^^/c = oo . When 
f = 0 the curve becomes the lemniscate of Bernoulli (r® = cos 2ff) ; 
7] and ^TT + 97 are the angles which the asymptotes of the hyperbola 
make with the axis of x, and in the first quadrant rj varies from 
0 to Jtt. 

Hence, for motion parallel to x, 

- ^Uci [{1 + _ {1 + 

and for motion parallel to y 

- |FC [{1 + C"-2(^--2a-t,)p {1 + 

where a is the value of f at the surface. 


115. Before dealing with the rotation of the cylinders, we 
shall make a short digression for the purpose of considering the 
coefficients of cos nd in the expansion of (1 + 2c cos 0 + c*)^ which 
we shall denote by where c < 1. 


Now 

(1 + 2c cos 0 + c*)^ = (1 + (1 + 


where 


= (1 + ^ ce^'^ + + . . . + . . .) 

X (1 + i + . . . +...), 

H-^1.3.5...(2yi~3) . 

T.nl 


therefore = 2c" {fif„ + 1 8^^^ c* + 8^^^ 8^c^ + 8^^^ 8/ +...}• 

The value of however, may be put into a more convenient 
form for calculation, for 


= f (1 ”f* 2c cos 0 -f- c*)^ cos (?i 4" 1) 0(i0 

0 

_ c /■” cos n0 - cos (n + 2)0 
~2(n+i)J, (1 + 2c cos 0 + c*)i 
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iiiriL — L \ p (1 + 2 ccos5+c*){cosii 0 — cos(n4-2)0} 

Jo (1 4- 2c cos ^ 

TT (1 4 c*) (n 4 1) j- , p cos (ti — 1) 0 — cos (n 4 3) ^ 

— 4 c I T aCf 

^ •'0 (1 4 2c cos 0 4 c®)^ 

= 7jl±5i5±l) + „ j„i_ + („ + 2) . 

therefore 

(2n + 5) + (2w - 1)X„ + ^ -( L+ . 0(”+ i) = 0... (52). 

Also iirZ, = f (1 + 2c cos 0 + c®) ^ d0 

J O 


= (1 + c) .£? {k, Jir), wliere A; = 


l + c’ 


& (;fc) = A'® ( 


.F’+zfc' 


i?'(A:) = (l + c)^(c); 


therefore 


therefore 


therefore 


dF{k) 


= ]i?’(c) + (l+c)' 


dFjc)] (1 +c)®Vc 


= |^(c)-(l-c)J^(c)|^-/i- 


+ c)’ . 
•c)®Vc’ 


L, = l{ 2 E-{\-o^)F]. 


Again, 


i-n-ij = [ (1 + 2c cos ^ + c®)^ cos 

^ c sin^ gcgg 

0 (1 4 2c cos ^ 4 c*)^ 

^oF{c)^l 7 rL, + ^{\+o^) r 

0 


cos 0d0 

(1 4 2c cos 0 4 c®)‘^ ^ 


therefore f = ci?" 4 — (1 + O Fj ; 


therefore 
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Having obtained the values of and the values of the 
successive functions can be calculated by means of the sequence 
equation (52). 

116. To find the current function due to the rotation of the 
cylinder in an infinite liquid. 

(i) Let f be positive at the surface of the cylinder and equal 
to a, then 

r® = 0 * 6 ^"^ (1 + 26" 2“ cos 2?; + 6“^)^ 

= cV® So (a) cos 2nij, 
where (a) is put for 

Hence = — ^<»cV® XZ^ (a) cos 2ny (55). 

(ii) When ^ is negative at the surface, the cylinder consists 

of two portions, which we must suppose to be rigidly connected 
together ; in this case let ^ — a at the surface, where a is 


positive; then 

i/Tg = — ^(oc^ Sq (a) e-2n(Ka) cos 2nr) (56). 

In the case of a cylindrical cavity filled with liquid, the values 
of yfr are 

- 4 (a) cos 2nr] - |a)c’6^“ L, (a) (57), 

and — i&)C* Sj L„ (a) cos 2nr) — {x) (58). 


117. When a = 0, and the cross section becomes a Icmniscate 
of Bernoulli, the preceding formulae become much simplified. 
Putting u = a; + ly, V = X — ly, wo obtain 







JL^\ 

Vu* - C*J 

-L ^ I 
Ju!‘ — c*] 


,(59). 

,(60). 


118. The values of i/r when the cylinder is rotating about its 
axis may be obtained in this case without having recourse to the 
general formulae of § 116, for the value of at the boundary is 
2c“ cos rj, whence = — a)c‘ e“f cos y. This may be expressed in 
the form 



J4 


(61). 


'fa-- 
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119. To find when the liquid is contained in a cylindrical 
cavity formed by one of the loops of the curve, we observe that y[r 
cannot contain any lower power of than (f being of course 
negative), otherwise the velocities would be infinite at the foci, 
where J = Now 

r* = 2c® cos 7 ) ; 


also for all values of t) between Jtt and — Jtt both exclusive, 

1 , "v* (2n + 1) 7? 

2-.+ 1 — ■ 

Therefore 

. fi v” (-)"■* cos (2n + 1) v) 

• J 


= - wc* ^iTT + e^coav + h tan'* 


(62). 


120. Lastly, let us consider the equation 

os + ty^cim^ (f+ crjj.... 

Then tan f = tan i (f + f — 677) 

__ 2 cod 

Therefore ru® + 7/® + 2ca; cot ^ — c® = 0 


.Also L tanh rj = tan J (f + f + ^t;) 

_ 2cLy 
c® + ^® H- y® ’ 

Therefore a?® + y® — 2cy coth 7; + c® = 0 . . . 


Again, 


.r j- ^ sinHf + t^) cosH^-t’?) 
cosi (f+t,,)cosJ(?-‘»7) 


sin I + A sinh 77 
cosh 77 -f cos ^ * 


Therefore 


c sin f 1 
^ > - ^ 

cosh 77 + cos f 

c sinh 77 

sss 1 

^ cosh 77 + cos f . 

1 > 
e 7 = - (cosh 77 + COS I). 


(63). 


(64). 


(65). 


( 66 ). 
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121. Equation (64) represents a family of circles whose cen- 
tres lie on the axis of x, at a distance — c cot ^ from the origin 0, 
and whose radii are equal to c cosec Each circle passes through 
two fixed points A and B on the axis of whose distances from 0 
are c and — c. 



The angle ^ is half the angle subtended by AB at the centre 
of the circle. Hence the curve f = 0 represents the portion AB of 
the axis of y. When ^ has any positive value between 0 and tt the 
curve consists of that segment of a circle passing through A and B 
whicli lies on the positive side of the axis of y ; and when ^ = tt 
the curve becomes the whole of the axis y except the portion AB, 

When I has any negative value between 0 and = tt the curves 
consist of segments of circles described on AB, and which lie on the 
negative side of the axis of y. 

Equation (65) represents two families of circles whose centres 
lie on the axis of y, at distances ± c coth rj from 0, and whose radii 
are equal to c cosech rj. These circles do not cut the axis of x. 

When 7) QO the curve reduces to the point A ; when r} has 
any positive value the curve represents a circle surrounding this 
point ; and when 7) = 0 the curve becomes the axis of x. When 
r) has any negative value the curve represents a circle surrounding 
the point J5, with which it ultimately coincides, when ^ = — oc . 
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Let P be any point on one of the circles A, then 

= + 

= 2cy (coth rj — 1), 

BF^ = 2 cy (coth 77 4 * 1 ) ; 

APIBP = €-\ 

Whence every circle of the system r) is such that the ratio 
APjBP is constant along each circle ; therefore A and B are the 
common inverse points of' each circle of this system. In con- 
sequence of this property the coordinates f and 77 are called di- 
polar coordinates. 


122. We can now find the current function when two circular 
cylinders are moving in any manner in an infinite liquid 

Let 77 = a, 77 = — /3 be the equations of the two cylinders sur- 
rounding the points A and B respectively; and let \ ^2 > — 2/2 
be coordinates of any point on the cylinders A and B respectively, 
then 




= ct 


1 + e' 


— a 


therefore 


Again, 




= C6 {1 4* ( — )” 6“^ (cos 4" i sin n ^)} ; 

a?, = - 2c S * ( - e-^ sin 

00 r 

= c + 2c ( — )" cos n^) 


.( 67 ). 


■iy^ = c tan HI - 

cl- 

“11+ e-f-P 

= ^ |l + 22” ( — )* e~“^ (cos n^~ i sin ; 

- 2c Sr (-)•*-» sin I 

y.^ = c 4 - 2 cSi (~)^€"’^^cosnf) 

Let u, V be the component velocities parallel to x and y of 
the cylinder A, and u\ v' those of B ; then 

= uy^ — vx^ -h const, at A 
\lr = — u'y^ — vx^ 4“ const, at B \ 


therefore 


.( 69 ). 


^ Greenhill, “Functional Images in Cartesians,’^ Quart, Joum,^ vol. xviii. pp. 
366 — 362. See also Hicks, Ihid, vol. xvi. pp. 113 and 193. 
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Hence 

^|r = 2o S” ( - )« 6-”« (u cos n^ + v sin n|) 

- 2c Sr ( - )» €-»^ sinS^(a ~ (^O)- 

If the cylinder a were moving inside the cylinder /3, we should 
obtain in the same manner 

= 2c S,” ( - )” e-”“ aiph ^ 

+ 2c 2j ( — )” €“ sinh (a — ^8) ... (71). 

123. We shall hereafter require an expression for the kinetic 
energy T of an infinite liquid in which two cylinders are moving. 
By Green’s theorem, 


—=ir • 

p iJ^Tr dff Jn^a L‘' -’T CtT) 


Now 


= 2c (^i cos 72f 4* V sin ?i|), 

~ coth n (a + /8) (t^ cos sin 7if) 

+ 2c ( — )^ cosech n (a + yS) (z^' cos nf — v' sin nf). 
Hence the first integral 

= 47rc® (u^ 4- v^) 2i coth ti (a + y8) 

00 

4- 47rc* {iiu' — vv') 2i 716“’^ cosech ti (a 4- yS). 

Similarly the second integral is equal to 

— 47rc® {u'^ + v'*) 2j 77€""2»^ coth 71 (a 4- y8) 

00 

— 47rc“ {uu' — w ) 2^ cosech ti (a + /S). 

Hence 

2r = P + v*) + Q (w* + v’^) 4- 21 (uu' - vv) (72), 

where P = 47ryoc® 2^ Tie ” coth ti (a 4- y8) ^ 

Q = 47rpc® 2j Tie coth ti (a 4- y8) (73). 

L = 47rpc'‘* 2^ Ti€”"^®+^^ cosech ti (a 4- ^) • 

B. 8 
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124. Before we can make use of the foregoing values of P, Q 
and L, it will be necessary to express them in terms of the radii 
a and b of the two circles and their coordinates. To do this, let 
= = g = €-«“^; then 

P = 47rc*2, 

1 1 I — 

»=oo msao ) 

= W 2 + 

n-1 msl J 


-- g ■ 
(1-9)*’ 


Now q + 2q’‘+ 83“ + 

therefore, inverting the order of summation 

, 20.* 9' 


m—ao 

P = 47rc‘^ 2 


Now 

therefore 


:a(i-^,v (i-^?9™‘) 

a = c cosech a = 2cd,/(l — 6 ^) ; 
P Tra -jl + 2 2, 


,5{WI\2 


Similarly 

Again 


i = 8wc‘2:j^ 


n=oo 7n = <» 


= 87rc’* 2 2 nq^ 

7i = l Wl = l 


= 87rc’‘ 2 


;i(l-9*™)’‘ 

Z/niXD ^ 

?»=1 (/ / 


2\ ^2m- I 


.(74). 

.(75.) 


.(76). 


Since the quantities are functions of the respective 

distances of the circles a and yS from the axis of y, these values 
of P, Q and L are of the required form. The coordinate a: does 
not enter into the expressions for the coeflBcients. 

The kinetic energy of a liquid in which two cylinders are 
moving, was first obtained by Mr W. M. Hicks ^ : the investigation 
given in the text is due to PrJf. Greenhill*. 


^ “On the motion of two cylinders in a fluid,” Quart* Journ. vol. xvi. pp. 113 
and 193. 

* “Functional Images in Cartesians,” Quart. Joum. vol. xvin. pp. 356—362. 



EXAMPLES. 


115 


EXAMPLES. 


1. An elliptic cylinder is filled with liquid which has molecular 
rotation f at every point, and whose particles move in planes 
perpendicular to the axis ; prove that the lines of flow are similar 
ellipses described in periodic time 

7r{a^ + I)^) 

ab^ 


2. A fixed cylinder whose cross section is any one of the 
lemniscates rr' = c®, where c is any constant and 2a is the distance 
between the points from which r, r' are measured, is surrounded 
by an infinite mass of water in steady cyclic irrotational motion ; 
show that the stream lines are all lemniscates of the same system, 
and that the velocity along a stream line at any point varies as the 
distance from the centre. 

Prove also that the polar coordinates (referred to the centre) of 
a liquid particle in terms of the time t are given by 
r* = a^cufit ± c^dn/jbt, 

26 = am/A^, k = a/c. 


3. The cross section of a cylinder is a sector formed by the 
circle r = a, and the lines ^ = ± a. Prove that if the cylinder be 
rotating with angular velocity <», 


^ = 




cos 2$ 
cos 2x 


-8®a*a2r (-)“** 


(r/g) ^/^"cos ( 2/1 + 1) 7rg/2cc 

(2n + 1 ) TT {{2n -f 1 )* tt* — I 62 *}’ 


4. The transverse section of a uniform prismatic vessel is of 
the form bounded by the two intersecting hyperbolas represented 
by the equations 

\/2 (a?® - y^) + a?* + y* = a*, ^/2 (y* - a?*) + a;® -f y* = 6®. 

If the vessel be filled with water and made to rotate with 
angular velocity q> about its axis, prove that the initial component 
velocities at any point (a?, y) of the water will be 


■ ---^{2a;»-6<»y‘ + V2(6’‘-a*)x} 

respectively. 

8—2 
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6. A cylinder whose cross section is the lima^on 
^ = cos* ^0 sech* + sin* ^0 cosech* JyS, 

ZiC 

is in motion in an infinite liquid with velocities U, V parallel to 

the lines ^ == 0, ^ = ^tt respectively ; prove that 
00 

'^ = 8?7cSi cosech W)8sinh n?; sin? 2 f 

— 8FcS^ (— )”“^ sech n/3 cosh nrj cos nf, 
where f and r] are conjugate functions such that 
a; + ty = 2c sec® i (f + 1 ?;). 


6. Prove that if the cylinder in the last example be rotating 
in an infinite liquid with angular velocity w, 

00 

^ — 8a)C® cosech® /8 {cosh )3 -t- 2 cosh ( — )" e - sech cosh nt] cos 

00 

+ 2 sinh n (— )” sech cosh nr] cos nf}, 

and that if a cylindrical cavity of this form be filled with liquid 
and made to rotate, 

__ 8g)C® ( cosh y9 sinh r] sinh /3 (1 + cosh r] cos 

^ sinh® y8 (cosh r] + cos ^ (cosh r] -f cos f )® J ’ 


7. A circular cylinder is moving parallel to the axis of cc] 
prove that if there is cyclic irrotational motion about the cylinder 
the velocity potential is 

k 9 d^x 

where k is the circulation round any closed circuit embracing the 
cylinder once. 


8. A hollow cylinder of radius a, closed at both ends, is 
divided into two parts by a plane diaphragm through its axis, and 
filled with liquid. If the vessel be made to rotate about its axis 
with angulUr velocity w, prove that the motion of the liquid 
relative to the vessel will be such that its velocity potential is 


<^=0-1- Jft)7’®sin2^ + ^^ cos 2^? ~ 2 




sin 29 tan 


_i 2ar sin 9 


^r®4- 2arcos0-f a® 
r’‘-~ 2arcos^+a® 



where r, 9 are polar coordinates of any point of the liquid. 
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9. Prove that 


<^ = log 


{x + g)^ + 

(x - aj + f 


gives a possible motion in two dimensions. Find the form of the 
stream lines, and prove that the curves of equal velocity are 
lemniscates. 


10. In the irrotational motion of a liquid, prove that the 
motion derived from it by turning the direction of motion at each 
point in one direction through 90® without changing the velocity, 
will also be a possible irrotational motion, the conditions at the 
boundaries being altered so as to suit the new motion. 

Discuss the motion obtained in this way from the preceding 
example. 

11. Liquid is moving irrotationally in two dimensions, be- 
tween the space bounded by the two lines 0 = + ^tt and the 
curve cos 35 = a®. The bounding curves being at rest, prove 
that the velocity potential is of the form 

<^ = r® sin 35. 

12. The space between the elliptic cylinder (xldf + (y/i)® = 1, 
and a similarly situated and coaxial cylinder bounded by planes 
perpendicular to the axis is filled with liquid, and made to rotate 
with angular velocity « about a fixed axis. Prove that the 
velocity potential with reference to the principal axes of the 
cylinder is (o{a? — h^)xyl(a^ + and that the surfaces of equal 
pressure when the angular velocity is constant, are the hyperbolic 
cylinders 

13. If <^ = f(x, y), =•• jF (x, y) are the velocity potential and 

current function of a liquid, and if w^e write 

« =/(<A> f)> y=^{^y '^) 

and from these expressions find ^ and ; prove that the new 
values of <f) and yjr will be the velocity potential and current 
function of some other motion of a liquid. 

Hence prove that if 0 = a;® — y*, = 2xy, the transformation 

gives the motion of a liquid in the space bounded by two con focal 
and coaxial parabolic cylinders. 
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14. In example 12 prove that the paths of the particles relative 
to the cylinder are similar ellipses, and that the paths in space are 
similar to the pericycloid 

a? = (a -f 6) cos ^ + (a — b) cos Q ^ ^ 0, 

2/ = (a + 6) sin 0 + (a — b) sin ^ 0. 

15. Water is enclosed in a vessel bounded by the axis of y 

and the hyperbola 2 — Sy*) + /r + my = 0, and the vessel is set 

rotating about the axis of z. Prove that 

^ = 2 + ^ 3 / “ 

yfr = 2(x^ ^ Sxy^) + — y*) + 'mxy, 

16. When the stream lines for steady motion are similar 
concentric and similarly situated ellipses, the motion of a particle 
is the same as if it were acted upon by a central force to the 
centre ; and if the potential of the impressed forces is a function 
of the distance from the centre, the lines of equal pressure are 
circles. 

17. The coordinates (x, y) of a particle at time t are given by 

x = a-\- A cos 2mrt + B sin 2n7r^, 
y = 6 + \A sin 2mrt — \B cos 27i7r^, 

where -d, 5, \ and n are constants with regard to x and y, but A 
and B functions of a and b. Prove that if the different particles 
corresponding to different values of a and b are the particles of a 
liquid, A and B must be conjugate functions of the complex 
a + cbfK. Under what conditions is a free surface possible ? 

18. The space between two confocal coaxial elliptic cylinders 
is filled with liquid which is at rest. Prove that if the outer 
cylinder be moved with velocity U parallel to the major axis, and 
the inner with relative velocity V in the same direction, the 
velocity potential of the initial motion will be 

6—Uc cosh t; cos f — Vc ^ sinh a cos 

^ ^ cosh — a) ^ 

where ^7 = ^8, 17 = a are the equations of the outer and inner 
cylinders respectively, and 2c the distance between their foci. 
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19. If in the last example the outer cylinder were to rotate 
with angular velocity 12, and the inner with angular velocity 
prove that initially 


<l> = iXlc® 


cosh 2 ( r; — a) 
sinh 2 (/3 — a) 


sin 2f — icoc^ 


cosh 2 (J^ — rj) 
sinh 2 (/8 — a) 


sin 2f. 


20. If u = X‘\- Ly^ t; = « — ty, and n be any positive real 
quantity, prove that when a cylinder vrhose cross section is the 
curve r” = 2c^ cos nd is moving with component velocities ?7, V 
parallel to the axes, in an infinite liquid, the current function is 

where ^ — c“) ” — {u*' — c") 

= — (v*' — c”) " + u (m” — O “}. 

Hence prove that if the cross section is the cardioid 
r = 2c (1 + cos d\ 

= 2rc^ sin ^0 {\/r — cos ^6){r + c Jrc cos 
= _ rc (r + c cos 0 — 2 Jrc cos \6) (r -h c — 2 V rc cos 



CHAPTEK VL 

ON DISCONTINUOUS MOTION. 

125. In the preceding chapter, we obtained expressions for 
the velocity potential and the current function of a liquid which 
is flowing past an elliptic cylinder, and it might be thought that 
by making the minor axis of the cross section vanish, we could 
obtain the solution for a stream which is flowing past a rect- 
angular plate. This however is not the case ; for if the minor 
axis be made to vanish, it will be found that the velocity of 
the liquid becomes infinite at the edges, and therefore the pressure 
becomes equal to — oc , which indicates that a hollow would be 
formed in the neighbourhood of the edges. In order that the 
motion represented by the formulae should be possible, it would 
be necessary that at every point of the liquid boundary of 
the hollow, the pressure should be constant, and therefore the 
liquid boundary would have to be a line of constant pressure 
as well as a stream line; but it is not difficult to show from 
the formulae that it is not possible for a line of constant pressure 
to coincide with a stream line, and hence the formulae fail when 
the cylinder degenerates into a rectangular plate. 

126. The problem of determining the steady motion of heat 
and electricity, is precisely the same as that of determining the 
motion of an irrotationally moving liquid subjected to the same 
boundary conditions, so far as the velocity potential is concerned ; 
but there is an important distinction between the two problems, 
for in the former the pressure condition does not exist. Hence the 
solution of problems in the conduction of heat or electricity cannot 
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receive a hydrodynamical interpretation, unless the value of the 
pressure given by that solution never becomes negative at any 
point occupied by the liquid ; — in other words, whenever it is 
possible for the liquid to flow according to the electrical law of 
flow — ; but when this is not the case, the hydrodynamical applica- 
tion of such formulae would give results, which although in many 
cases approximately representative of the motion at a considerable 
distance from the region of negative pressure, certainly do not 
give correct results in the neighbourhood of this region. 

127. We have noticed in Chapter IV, that there is nothing 
in the nature of a perfect fluid to prevent slipping taking place 
between two contiguous layers, and we have shown that a surface 
along which slipping takes place is a surface of discontinuity, 
which possesses the properties of a vortex sheet ; but the possibility 
of such slipping is not taken into account in the ordinary theory, 
which assumes that the liquid flows according to the electrical 
law. But in order to solve problems in which liquid is flowing past 
a sharp edge, it will be necessary to take into consideration the 
possibility of slipping ; and we must therefore endeavour to obtain 
a solution, such that a certain surface of no flux which passes 
through the sharp edge shall also be a surface of constant pressure. 
This surface of no flux will either form the free boundary of the 
liquid, or will constitute a surface of separation between the moving 
liquid and a region of liquid at rest, and in the latter case will be 
a surface of discontinuity along which slipping must take place. 
The only problems of this class which have yet been solved are 
problems of two dimensional motion, and the method of solution 
is due to Kirchhoflf^ and depends on the properties of complex 
variables. 

128. Any complex variable os + ty, may be represented geo- 
metrically by means of a vector drawn from the origin to the 
point whose rectangular coordinates are {x, y). 

If we put x = r cos 0,y = r sin 0, the length of the vector will 
be and Q will be the angle which its direction makes with the 
axis of X, The quantities r and Q are respectively called the 
modulus and amplitude of the complex x -f- ly. 

The sum of two vectors x-^ ly and a + ib is x a + L{y 
which represents a vector drawn from the origin to the point 
(a? -h a, y + 6). Hence the sum of two vectors is represented by 
• ^ Crelle^ vol. lxx. ; and Varies, ilber Math, Phy. Chapters xxi., xxii. 
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the diagonal of the parallelogram of which the two vectors are 
adjacent sides. 

Similarly the difference between two vectors is represented by 
a line drawn from the origin, which is equal and parallel to the 
line joining the opposite extremities of the two vectors. 

The product of the two vectors is 

(a? + ty) (a + t6) = cwj — 63/ -h 6 {bx + ay) 

= jR (cos + fc sin 

where R cos <^ = aa? — 6y, R sin <^ = + ay. 


Hence ^ = (a* + V) [a? + y®), 


tan ^ = 


I — byjax ‘ 


Whence the product of two vectors is a vector whose length is 
equal to the square root of the product of the two vectors, and 
whose direction is inclined to the axis of x, at an angle which is 
equal to the sum of the inclinations of its factors. 

Similarly the quotient of two vectors is a vector whose length 
is equal to the square root of the quotient of the two vectors, and 
whose direction is inclined to the axis of x, at an angle which is equal 
to the difference of the inclinations of the dividend and divisor. 


129. Let z and w denote the two complexes x + iy and ^ ; 

and let x and y be rectangular coordinates of a point P in a plane, 
which we shall call the plane of z ; and let ^ and be rectangular 
coordinates of a point P' in another plane which we shall call the 
plane of w. Then if w and z be connected by any relation 
w —f(z), it follows that if P trace out any curve in the plane of 
z, P' will trace out a corresponding curve in the plane of w. 


130. Every function of a complex has a differential coefficient. 


for 


^ dz ^ dx + Ldy 


dy 

{d(\>jdx + idyfrldx) dx -f {d(f>ldy + id'^jdy) dy 
dx’\' ldy 

Andsince S + = * (2 ‘ ’ 

UfU \vwU/ tvM/ / 

this ratio is independent of the ratio dyjdx. 
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If (j> and be the velocity potential and current function of 
% liquid, 

dw dd> dJt 
dz dx^ '' dx 

Therefore ^ ^ ? (say), 

where q is the resultant velocity of the liquid ; hence the vector f 
represents the reciprocal of the velocity of the liquid. 

131. In the class of problems which we are about to consider, 
the boundaries of the liquid consist partly of straight lines which 
constitute the fixed boundaries of the liquid, and along which the 
direction of the velocity is necessarily constant ; and partly of the 
free surface of the liquid or of surfaces of discontinuity, which 
divide the moving liquid from the region of liquid at rest, and along 
which the pressure and consequently the magnitude of the velocity 
must be constant. Hence, if we choose the scale of measurement 
such that y = 1 along the latter surfaces, the boundaries will 
become transformed in the plane of ^ into an arc of a circle 
of unit radius, which corresponds to the free surface, or surfaces of 
discontinuity ; and into the radii of this circle, which correspond 
to the fixed boundaries. The points where the radii meet the 
circle correspond to the points where the fixed and free boundaries 
intersect ; also since the velocity must not become infinite, f can 
never vanish, and therefore the portion of the plane of f external 
to this circle and included between the two radii, corresponds 
to the portion of the plane of w occupied by the moving 
liquid. 

Along the boundaries fixed and free, of the liquid in the plane 
of z, we must have ylr= oc, and = /S, where a and j8 are constants ; 
hence the corresponding portion of the plane of w consists of the 
space included between the two parallel straight lines yjr = a, 
= 

We must therefore endeavour to connect f and by a relation, 
such that the above mentioned portions of the two planes of 
f and w shall correspond; and also that certain points in these 
two planes shall correspond to certain points in the plane of z. 
When this has been effected, the relation between z and Wy which 
determines ^ and '\lr in terms of x and y, must be obtained by 
integration. 
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132. We shall define a lune as the space which is included 
between two circular arcs which meet but do not cross. 

The angle of a lune is the angle at which the arcs meet. 

Let z = x + Ly, z' = x' + iy\ where (x, y\ {x\ y') are the rect- 
angular coordinates of two points P, P' in the planes of z^ z' 
respectively. We shall now show that if P trace out any lune of 
angle a in the plane of z, and P' trace out another lune of angle a' 
in the plane of z\ it is possible to connect z and / by a relation, 
stich that the angular points of the two lunes shall correspond ; 
and also that any third point on the perimeter of one lune 
shall correspond to any third point on the perimeter of the 
other. 


The equation 


AZ^B 

CZVD 


or 


~ DZ'jh B 

'CZ + A 


in 


where Ay B, C, D are complex constants, transforms any circle in 
the plane of Z into another circle in the plane of Z\ For if the 
point P describe a circle about the point c = a + as centre, we 
must have 

mod (2^ — c) = const (2) 

or {x — ay + (y — by = const. 


Substituting the value of Z in terms of Z from (1), (2) 
becomes 

/ Z' — G\ 

mod i^K S ' Q j ” const (3), 

where Ky (7^, are new complex constants. Now if A?, are 
the moduli of K, Z — Z' — (3) may be written 

= const., 

P2 

whence P' moves so that the ratio of its distances from the 
two fixed points G^, (7, is constant, and therefore describes a 
circle. 


Since (1) contains three disposable constants, viz. the ratios of 
the three quantities Ay B, G, to P, it follows that these ratios may 
be chosen, so that a circle passing through three given points in 
the plane of Z shall correspond to a circle passing through three 
given points in the plane of Z\ 
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133. Let Z + tF=SS = — ‘ (4) 

where = a + 46 , = a + 4 ^. 

Let A and B be the points Cj and Cg. The vector SS being 
the quotient of the two vectors AB and £P, is represented in the 
plane of SS by a straight line whose inclination to the axis of X 
is equal to ABB, Now if B describe a circle passing through A 
and jS, the angle ABB is constant, hence every circle passing 
through the points A and B in the plane of Zy corresponds to a 
straight line passing through the origin in the plane of SS. 
Also if B and Q are any two points on two different circles passing 
through A and B, the inclination of the two corresponding lines 
in the plane of SS is equal to BQA — BBAy that is to the angle of 
the lune AQBBA, Hence (4) transforms any lune in the plane 
of z into two straight lines in the plane of SS whose inclination is 
equal to the angle of the lune. 

If we put Z = 

the two straight lines in the plane of 5S become transformed into 
two straight lines in the plane of Z inclined at an angle n times 
as great ; hence if a be the angle of the lune and n = 7r/a, the 
equation 



transforms a lune in the plane of z whose angle is a and whose 
angular points are Cj, into a single straight line in the plane 
ofZ 

Similarly if z be any other plane, the equation 


TT 



transforms a lune in the plane of z whose angle is ol and whose 
angular points are c/, into a single straight line in the plane 
of^'. 

If therefore we substitute the values of Zy Z from (5) and (6) 
in (1), the resulting equation transforms any lime of angle a in the 
plane of z into a lune of angle a' in the plane of z ; and by 
suitably choosing the ratios A \ B \ G may make any three 

points on the perimeter of one lune correspond to any three points 
on the perimeter of the other. 
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134 . We must now notice some particular cases. 

(i) Let z = or it? + 43/ = + 

whence cos yfr, sin yfr. 

When -ijr = 0 or TT, y = 0 ; hence ( 7 ) transforms the two parallel 
straight lines ^/r = 0 , yfr — w in the plane of w into the single 
straight line y = 0 in the plane of z, 

(ii) Let z^hJv) or a;4-4y=^/^ + t^ .... (8)- 

Putting <f) = R cos X, = -B sin ^ 1 

we obtain x = V-B cos ^x* V = V-B sin \x- 

When Jr sin \x == const, y = c) hence (8) transforms the 
confocal parabolas JR sin|;)^ = c in the plane of w into the 
parallel straight lines 2/ = c in the plane o( z. Now if c = 0 the 
parabolas degenerate into a double line extending from the focus 
to 00 . Hence (8) transforms a straight line in the plane of w ex- 
tending from a fixed point to infinity, into the whole of the axis 
of X, in the plane of z. 


(iii) Let us now consider the portion of space bounded by 
the straight lines OAy OB in the plane of 
which is external to the circular arc AB, 

If y is the inclination of OA, OB, the 
equation transforms the two straight 

lines OAy OB in the plane of ^ into a single 
straight line in the plane of ; and the 

arc AB into the semicircle ab. Hence the 
transformed region in the plane of 5'', is the portion of space lying 




on the upper side of aby and which is- bounded by the semicircle 
and the infinite straight lines aa, hh\ This region may be regarded 
as a lime of angle one of whose arcs is the semicircle aph ; 
and whose other arc consists of the infinite lines aa\ hV, which 
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may be regarded as an arc of a circle whose centre is at infinity. 
By (5), the equation 



transforms this lune into a single straight line in the plane of z, 
hence the required transformation is 



(9). 


135. We shall now apply the preceding method to the solu- 
tions of some special problems. 

-4 jet of liquid escapes by a slit AB from a large cistern of 
which the side is x'x; required the motion, which is supposed to 
he in two dimensions. 




The figures show the corresponding lines in the planes of z, f 
and w ; corresponding points being represented by the same letters 
in each of the three planes, and the fixed and free boundaries and 
their corresponding lines by thick and thin lines respectively. 
The lines xA, Bx along which the direction of the velocity is 
invariable, are represented in the plane of f by the straight lines 
X A, Bx ; and the free surface of the jet along which the magnitude 
of the velocity is invariable and equal to unity, by the semicircle 
APQB, The portion of the plane of f lying above the line 
xBQPAx\ corresponds to the space occupied by the liquid. In 
the plane of w this space corresponds to the region contained 
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between the parallel straight lines x'AP and coBQ. Let 
= TT be the stream lines oc'APy and ccBQ : also let = 0 be the 
equipotential surface passing through A and B. 

In order to transform the region in the plane of ^ to that 
in the plane of w, we must put 7 = tt in (9) and we obtain from (7) 
and (1), 

/f-iy J5 

Vf-t-l/ Ge^ + D‘ 

Since a liquid flows from places of lower to places of higher 
velocity potential, the following conditions must be satisfied : 

(i) <#) = -oo, ?=oo, (ii) <^ = 00,5 '=-^, 

(iii) = 0, f = 1, (iv) w = i7t, f = — 1. 

TOf these (i) gives B = D ; (ii) gives A== — G; and (iii) and (iv) 
both give = — £ ; whence 

(12! i 

or ? = = + 

Let 6 be the angle which the tangent to AP makes with AB; 
along 4Pg' = l,'^|r = 0, and (f) is positive ; hence 

cos 0 4- 6 sin 0 = 

whence cos6 = e~^, 

sin0 = Vl — 

Also ^ = 1, 

as 

therefore measuring s from A, we obtain 

and = cos 0 = e“^ 

as 

therefore a; = 1 - e”® (10), 

A being the origin. When s = 00 , a? = 1 ; also since the final 
width of the jet is tt, the width of the slit is tt + 2. 

The ratio of the final width of the jet to the width of the slit, 
is called the coefficient of contraction of the jet, which is there- 
fore equal to 7r/(7r + 2) or *611. 
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Again 


dy . 

= ai 




y = Vl-e-**-ilog 


l+Vl-e-*» 


" 

Eliminating s between (10) and (11), the equation of the 
free surface of the jet is 

... /O 2 11 — 

\ 

1 — Jzx — x 

Also the radius of curvature is tan 0, which vanishes at the 


If we put for f we obtain the solution when the boundaries 
xB, x* A are inclined at an angle a. 


136. Let us now suppose that the conditions of the last 
example are varied by introducing a tube projecting inwards\ 




The containing vessel is supposed to be so large that we may 
disregard what takes place at the sides. The motion will then be 
as follows. The liquid will flow along the side and at B the 
direction of its velocity will begin to change, and the liquid will 
finally flow out in a stream whose section will be less than that of 
the tube. 


B. 


1 Helmholtz, Phil. Mag. Nov. 1868. 


9 
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Since the aperture of the tube is supposed to be small, the 
curve in the plane of f which corresponds to the free boundaries 
may be approximately regarded as a circle, and if we put = V? 
the space bounded internally by this circle and the lines AA\ 
BB'y will be transformed into the region in the plane of f in 
the last example. The solution in this case may be obtained from 
the last example by writing V? fo** C we obtain 

= 26-**® - 1 + 26-*®s/6-*'® - 1. 

Along the free surface of the jet, we have 

$= (f) 

cos 0 1 sin 6 = — 1 -f i — 

therefore ^ = cos 0 — 1, 

as 

a? = 1 — 5 — 6""^*, 

^ = sin 0 = 2€"*^/l — 
as 

y = 1 — + sin"^ 6“* + y\ 

the middle point of AB being the origin. When s = oo , y — y\ 
so that 2y' is the final breadth of the stream and is therefore equal 
to tt; when 5 = 0, y = ^tt + y' = 7 r, whence -4J5 = 27r, and the co- 
efficient of contraction = 


137. Lord Eayleigh* has shown that if the vessel were of 
finite dimensions, the coefficient of contraction must always be 
greater than J ; for let cr" be the area of a section of the vessel so 
far removed from the orifice that the velocity over it is sensibly 
constant and equal to v". Let v, a be the ultimate velocity and 
section of the jet, a the section of the tube. The equation of 
continuity gives 

.V = vV'. 

By the principle of energy 

and by the principle of momentum 


pa ^ (TV 


1 “The Contracted Vein,” Phil. Mag. Dec. 1876. 
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From these equations we obtain 

?.i+i 
/ • // > 
a a or 

which shows that the section of the tube is an harmonic mean 
between the sections of the cylinder and jet. When or" = x ^ 
a la = \ as before. 

138. When a rectangular lamina is held fixed in a stream 
which meets it obliquely, there will be a region of dead water 
behind the lamina, which will be at rest, and the total pressure on 
the lamina will be due to the difference of pressures upon its 
anterior and posterior faces. 

The stream line = 0 meets the lamina at some point 0 and 
then divides, each branch following the lamina to its edges, and 
afterwards forming the boundary between the moving liquid and 
the dead water behind the lamina. 



UJ 


The portion of the plane of corresponding to the moving 
liquid is that which lies below the semicircle AA'B'B and the two 
infinite lines Bb, Aa\ and the points + oo correspond to 0. The 
whole of the plane of w corresponds to the portion occupied by the 
moving liquid, with the exception of the double line shown in the 
figure, which may be regarded as the limiting form of a parabola. 

Let a be the angle at which the stream meets the lamina; 
since the equation to hjw converts the double line in the plane 

9—2 
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of w, into a single straight line in the plane of w\ we must 
put 

_A^/w + B 

V?+l/ ‘~C^w + D- 


The conditions to be satisfied are 

(i) <^ = ± 00 , f = cos a - A sin a, 

(ii) w = 0, f = 00 . 

From (i) we obtain 

^ — 0 tan® 

and from (ii) B = D, whence 

/f — ly __ —Gsjw tan®|a-f ^ 
Vf 4- 1/ "" G sJw-\-B 

G 

Let -jz = (1 + cos a), co = Kw, 


and we obtain 
or 

where 


/f — ly _ 1 — (1 — cos a) s/co 
-Ti/ 1 + (1 4* cos a) sJ(o ' 

+ ( 12 ). 

r. 1 

12 = cos a 4- . 

hJ<o 


When the velocity of the stream at infinity is equal to F, which 
will be supposed to be the case in what follows, we must change 
f into 5'F, and (12) becomes 

+ (13). 


In the plane of z let 0 be the origin, OB the axis of x ; along 
AB f must be real and equal to and at A and £ f = F’'\ 
Hence at all points of the lamina we must have n> 1, and at A 
and .B, 11 = — 1 and 4- 1 respectively. 

Let I be the breadth of the lamina, then since along AB 
= 0 ) and dtfyjdx = u, 

the limits of integration being determined by 
n = cos a 4- = ± 1. 

VO) 


m 



PRESSURE ON THE LAMINA. 


133 


If )8 be a new variable such that 

l3 J(o sin® a — cos a, 
the limits of /3 will be ± 1, and we obtain 


i VKl = J {O + cos a) cos a + sin* x + Jl- ^ sin a} cosec* a 


Whence 


4 + TT sin a 
VI sin^ a 


Along the lines AA\ BB' the pressure p — p(G — ^ F®), which 
must be equal to the hydrostatic pressure of the dead water. At 
the surface of the lamina, 

^ = o-K 

p 

Hence the total pressure on the lamina is, 


■=^l(p-p')dv = lpl(V‘-u^)^ 
= pVf(n’-i)^dif> 




__ ttF® Ip sin a 
4 -f TT sin a 


which determines the resistance which the lamina offers to the 
stream, and shows that it depends partly upon the square of the 
velocity and partly upon the angle which the stream makes with 
the lamina. 

The moment of the pressure is 


G = f 

Asimaj_j ^ 


Now by (14), 

J VKx = / {cos a ()8 -f- cos a) + sin* a + n/ 1 — )8* sin a} cosec* 

Hence, if the origin be suitably chosen, the value of x will be 

_ /8® cos a 4- 2/8 + {^8 ^ 1 — 4 sin"^ )8} sin a 

FiC • 
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The odd terms in contribute nothing to the integral, and 
therefore 

G- — [ /3^Jl-/3^co3adj3 


Trp cos a 'sr cos a 
^ 4^'^ sin’ a ilCV sin* a ‘ 


The distance of the middle point of the lamina from the origin 
is cosa/Firsin*a ; hence the distance of the centre of pressure 
from line middle point is 

3 cos a _ SI cos a 

4IiV sin* a 4 (4 4- tt sin a) ‘ 


If ^TT > a > 0, the negative sign shows that the centre of pressure 
is on the upstream side of the middle point ; hence if the lamina 
be free to turn about an axis parallel to its edges whose distance 
from the middle point in 


81 cos a 
4 (4 + TT sin a) 


(16), 


it will be in equilibrium. If a — ^Tr, «? = 0; and the lamina will 
set itself transversely to the stream. When a = 0, is a maximum 
and is equal to 31/16, in which case the axis divides the lamina in 
the ratio 11 : 5. 


139. The results of equations (15 and 16), which are due to 
Lord Rayleigh \ may be stated in another form as follows. “If the 
axis of suspension divide the width in a more extreme ratio than 
11 : 5, there is but one position of stable equilibrium, that namely 
in which the lamina is parallel to the stream with the narrower 
portion directed upwards. If the axis be situated exactly at the 
point which divides the width in the ratio 11 : 5, this position 
becomes neutral, in the sense that for small displacements the 
force of restitution is of the second order, but the equilibrium is in 
reality stable. When the axis is still nearer the centre of figure, 
the position parallel to the stream becomes unstable, and is 
replaced by two inclined positions making with the stream equal 
angles, which increase from zero to a right angle as the axis moves 
towards the centre. With the centre line itself for axis, the lamina 
can only remain at rest when transverse to the stream although of 
course with either face turned upwards*'*.’* 


1 “On the resistance of fluids,” Phil. Mag. Dec. 1S76. 


2 Ibid. 
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140. In order to obtain the intrinsic equation of the surface 
of separation, we have along this surface 


Therefore 

Now 

therefore 


|..n.co,a + ^. 

ds ~ ’ 

4>=V{8 + c), 


and therefore 


do) - 

-j- = cos 0 = cos a 

ds 


'*'v{Vir(«+c)}* 


The constant c is to be determined from the fact that when 5 = 0, 
cos = + 1. In the case of perpendicular incidence, we have 
c = 1/ VIC, whence 

da: _ j c 
ds~ y 5 4- c ' 

or 5? = 2 (c5 -f + constant, 

from which it appears that x does not approach a finite limit as s 

increases indefinitely. 

The methods of this chapter only apply when the motion is in 
two dimensions ; so far as I am aware, no problem of this class has 
been solved when the motion is in three dimensions. 


MISCELLANEOUS EXAMPLES. 

1. If u, V, w, <f> are any functions of x, y, z, prove that 
udx + vdy + wdz — d<f> has an integrating factor ; hence show that 
if u, V, w be the velocities of a fluid, then along any vortex line 

udx + vdy + wdz = d(f>. 

2. If in an infinite mass of homogeneous incompressible fluid 
in equilibrium under finite fluid pressure only, an indefinitely long 
cylindrical column be suddenly annihilated, prove that no motion 
will take place. 

3. Prove that the velocity potential due to a unit source 
placed outside a sphere of radius a, and at a distance / from its 
centre is 

^ — (r® — 2/r cos 0 + /*) * —2cr cos 0 + 

+ {log [c — r cos 0 + (r* — 2c r cos 0 + c®/] - log r (1 — cos 0)], 
where {r, 0) are polar coordinates referred to the centre of the 
sphere as origin, and c = aV/ 
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4. Prove that the rate at which the energy of a mass of 
liquid, contained within an imaginary closed surface described in 
the liquid is increasing, is equal to 

ff(p + pV)q 008 edS, 

where is the pressure, V the potential of the impressed forces, 
q the resultant velocity at any point of /S, and e is the angle 
between the direction of q and the normal to S drawn out- 
wards. 


5. If a, 6, c be curvilinear coordinates of any point (^, y, z) of 
a liquid, such that the lines of flow are the intersections of the 
surfaces t = const., c = const. ; apply § 39 to prove that when the 
motion of the liquid is not steady, a first integral of the general 
equations of motion is 

^ + y + F [hy Cyt)y 


where 


d {xy y, zy 


6. If the molecular rotation of a mass of liquid which com- 
pletely fills a rigid circular cylinder be equal to where 

r“* F' (r) is any function of r which does not become infinite 
within the cylinder ; prove that the paths of individual particles 
of liquid are circles described in periodic time 

27rr7i^(r). 


7. In § 135, if t; be the velocity at any point on the middle 
line of the jet, whose distance from the orifice is y, prove that 



1 -f v 


the ultimate velocity of the jet being unity, and the scale of 
measurement being such that tt + 2 is the width of the orifice. 



CHAPTER VII. 

ON TH® K13:nEMATICS of solid bodies moving in a 

LIQUID. 


141. In the preseiiNt chapter we shall obtain expressions for 

the velocity potential, in .a variety of cases in which a liquid 
is bounded externally or inteirnally by moving solids, when the 
motion is in three dimensions. shall suppose that the motion 

of the liquid is irrotational and ao;;;vclic, and consequently the 
motion will be completely determined by means of a velocity 
potential <j} which must satisfy the followingr conditions ; 

(i) <f) must be a single valued function, whuch at all points of 
the liquid satisfies the equation = 0 ; 

(ii) (f) and its first derivatives must be finite ana^ continuous 
at all points of the liquid, and must vanish at infinity - if any 
portion of the liquid extends to infinity ; 

(iii) At all points of the liquid which are in contact with 

moving solid, d(f)/dn must be equal to the normal velocity of the 
solid, where dn is an element of the normal to the solid drawn 
outwards ; if any portion of the liquid is in contact with fixed 
boundaries, must be zero at every point of these fixed 

boundaries. 

142. Let us now suppose that a single solid is in motion in an 
infinite liquid. 

Let Ox, Oy, Oz be three rectangular axes fixed in the solid, and 
let be the velocity potential when the solid is moving with unit 
velocity parallel to Ox, and let X\ velocity potential when 

the solid is rotating with unit angular velocity about Ox. Let 
<j}^, Xq* Xb similar quantities with respect to Oy and Oz. Also 
let u, V, V) be the linear velocities of the solid parallel to, and 
ft),, ft)^, ft)j, be its angular velocities about the axes. 
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The velocity potential of the whole motion will be 

(f> = u<l>^ + + ®iXi + ®sX» + (!)• 

For if X, /L6, p be the direction cosines of the normal at any 
point X, z on the surface of the solid, we must have at 
surface 


dn ' dn 




dn 


= Vy 


dn 


vy - tiz, 



vx, 


dn 




Hence 


d<f> 

dn 


'i/ 

= (m -2/6), + -2:6)j,)X + (V“-2r6i), +a?a)g)/4-f y^x) ^ 

/ 

= normal velocity of the solid. , ^ 


143. To find the velocity potential a sphere of radius a is 
moving parallel to the axis of 

Let u be the velocity sphere, a its radius, 6 the angle 

which the radius to any surface makes with Ox, then 

at the surface, 




dn 

d(f> 

dr 


= ll cos 0, 

W COB 0., 


•( 2 ). 


or 

when r = 

the motion is symmetrical with respect to Ox, and the 
vej^ity must vanish at infinity, <f> must be of the form 



where is the zonal harmonic of degree n. Substituting in (2). 
w’'e obtain 

a* 

= = &c. = 0, 

, cos 0 


w^hence 

and 

therefore 


<f) = — \ua? 


.(3). 


^ Poisson, **M6moire sur les mouvements simultan^s d'un pendule et de Pair 
environuant,'’ Mem. de VAcad. des Sciences, Paris, vol. ix. p. 621. 
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144. If the sphere were moving with component velocities 
Uy V, w, parallel to the axes, the velocity potential would be 

- ^3 [ux -\-vy + wz). 

This expression is the velocity potential of a doublet situated 
nt the centre of the sphere, whose axis coincides with and whose 
source end is turned towards the direction of motion of the sphere. 

145. ’ThF velocity potential may be determined by the method 
of images, when the solid, which is formed by the revolution about 
the line joining their centres, of two spheres which intersect at 
right angles, is moving parallel to its axis\ 

Let A and li be the centres of 
the two spheres, point ou their 
circle of intersection ; then if CS 
is perpendicular to AB^ S is the 
common image of B and A with 
respect to the spheres A u,nd B. 

Let AG = a, BC = 6, 

AB = 0 = 

and let u be the velocity of the solid along AB \ jdso let (r, 0), 
^i)» ^ 2 ) polar coordinates of any point 1^ referred 

to Bj S and A respectively as origin. 

The velocity potential due to the motion of B alone is 

which is the same as that due to a doublet of strength at B. 
The image of this in .4 is a doublet at S of strength 



and the image of this in 5 is a doublet at A of strength 



This is precisely what is required to give the requisite normal 
velocity over A and 5, whence 

, , cos 9 aW cos 0. a® cos 6\ 

1 Stokes, Math, and Phys. Papers, vol. i. p. 230. 
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146. The motion of two spheres will be discussed in Chapter 
XL, but when the space between two concentric spheres is filled 
with liquid, and the spheres are moved in any manner, the velocity 
potential of the initial motion can be obtained as follows \ 

Let a and b be the radii of the outer and inner spheres respec- 
tively, 0 their common centre ; and let the outer sphere be moved 
with velocity u along any direction OA, also let the inner sphere 
be moved with velocity v along a direction OB which is perpendi- 
cular to OA, Let 0 be the angle which the radius to any point P 
makes with OA, ^ the angle which the plane OAF makes with 
the plane OAB. 

The surface conditions are 


^drJ^ = M cos 0, = « sin 0 cos X (4). 

The function 

<f) = {Ar co^ 0 + {Or -f p j sin 0 cos % 

satisfies Laplace’s equeition. Substituting in the first of (4) we 
must have 




and from tile second of (4) 


2S 




IB 


whence 


^-^ = 0 . C-‘^=v, 

A = MaV(a’ - 6’), B = (ct’ - 6’). 

(7 = - vWHa^ - 6’), D = - (a* - 6”) 


and </, = {r + cos 6 - (r + sin ^ cos x- 


vb^ 


147. The velocity potential due to the motion of an ellipsoid 
in an infinite liquid was first obtained by Green in 1833, for the 
case of translation only^ ; the solution was completed for the case 
of rotation by Clebsch in 1856*. 

(i) Let the ellipsoid move parallel to the axis of x with unit 
velocity. 

^ Stokes, “ On some cases of fluid motion,’* Tram, Camb. Phil. Soc., viii. p. 105. 

* “Researches on the vibration of pendulums in fluid media,” Trans. Roy. Soc. 
Edin,, 1833. 

■* “ Ueber die Bewegung einer Ellipsoids in einer tropfbaren Fliissigkeit,’* Crcllc, 
Lii. p. 103. 
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If F be the potential at an external point of a homogeneous 
ellipsoid of attracting matter of unit density, the equation of 
whose bounding surface is 

(®/«)* + iylW + (^/c)’ = 1, 


Trahc 






Z‘ 




dylt 




where \ is the positive root of the equation 


or y z 

a* + \ 6^“|“ X c* + \ 


= 1 


( 5 ). 


The potentiaf at an internal point is obtained by putting 
\ = 0 in the definite integral. We shall write this expression in 
the form 


where 


+ .( 6 ), 

Ax = 2irahc I 1 

Jx (a-* + -f)P I 

Hx — Trabc 

P = {(rt* + {V + (c* + 


Jx P 


and we shall drop the suffix when these quanti ties refer to an 
internal point. 


If p is the perpendicular from the centre on to the 
plane at x, y, z ; the surface condition is, 


#1 __ , 

dn~ a*-" 

^ y. -u - ^ = — 

a* ¥ dy ^ dz^ a* 


tangent 


( 8 ). 


Since Axx is the a:-component of the attraction of the 
ellipsoid, this quantity obviously satisfies conditions (i) and (ii) of 
§ 142 ; we may therefore assume that 

^i = ctAxX- 

Hence at the surface 


a‘ dx)' 

d<f)i _ i^rax dX 
dy a' dy‘ 

d<f>i 27ra® dX 
dz ~ dz ' 
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Differentiating (5) with respect to x, and then putting \ = 0, 
we obtain 

d\ _ d\ _ d\ _ 2zp^ 

dx * dy fc'* ' ds c“ ’ 

hence the left-hand side of (8) becomes 

ax (A — 47r)/a*, 
whence a = (-4 — 47r)"’, 

It therefore follows that if the ellipsoid is moving with 
velocities, w, v, w parallel to the axes 


A^ux B^^oy C\rMZ 

9 = -A — +-75 — 7-1 +- 


.(9). 


-4 — 47r jB — 47r (7 — 47r 

(ii) Let the ellipsoid be rotating^ with unit angular velocity 
about Ox ; then the surface condit^ron is 

± = ( 10 ). 

Writing for a mome?:at Y and Z for B^^y and it can easily 
be shown that the fumiction zY — yZ satisfies Laplace's equation, 


for 


= 2 


dy/ 

dydz) ' 


also at great distance from the origin Y and Z are at least of 
tbe order r“*, and therefore X\ order r’^ and 

therefore vanishes at infinity. 

Let us therefore assume 

Xi = a' (zY- yZ) = (I'yz (.8^ - G^, 
then at the surface 


dn I 


Y—-Z^ 


+ z 


dn dn dn 




dn) 


= M {(2 - (7)(6« + c>) + 47r(J*- o')]. 

Substituting in (10) we obtain 

v_ 


therefore 


(B-C)(6* + c*) + 47r {V-cy 
(b*-c*)iB,-G,)yz 


^ (B-C)(b* + c^ + 47r (6' - c’) 

The functions Xa> Xa written down from symmetry, 


( 11 ). 
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148. The quantities A^, Bx and Cx may be expressed in terms 
of elliptic functions of the first and second kinds ; but the most 
important case is when the ellipsoid is one of revolution. 


and 


fi) If we put 6 = c < o, the surface becomes an ovary ellipsoid 


Ax = 27rac* 


r 


d\jr 


(a® -f yjr)^ (c® + i/r) 


_ 47rac* r* dv 
if (a* + X)^ (a* — ; therefore 

OT. 

where e is the exceiitricitv of the generating ellipse. Also 

dyfr 


•^A = Ca = 27rac® 


/ A (a^ 4. 




47r (1 — e’) 


) r dp 

Jy 

27 r(l-e*)/' V ,, v+l'\ 


(ii) If we put a = b:>c, so that the surface Ihecomes a 
planetary ellipsoid we obtain 


Ax = B;^ = 27ra*( 




dy[r 


(a“ + ^{ry (c* + 
dv 


_ 47ra c f 
(a’‘-c‘)^Jy (1 + "T’ 
if (e* + \)^ = (a* — c‘)K ; therefore 


(cot-«v-^x^-) (14), 

r - (1 - fl _ 


(i-cot-%). 


(15). 


It will be observed that in the case of an ovary ellipsoid 
2 / = e'^\ where e' is the excentricity of the generating ellipse of 
the confocal ellipsoid which passes through the point (a;, y, z) ; 
and that in the case of a planetary ellipsoid 





144 


KINEMATICS OF MOVING SOLIDS. 


149. If c = 0 the planetary ellipsoid becomes a disc, and 
= 0 ; hence a disc which moves parallel to itself cuts through 
the liquid without producing any motion. 

To find the velocity potential when the disc is moving perpen- 
dicularly to its plane, we observe that at the surface p = 0; hence 
when c and v are small c = av, therefore 


therefore 


a \c ^ J a 

(l-cot-'v). 


. 2w 
ct> = - ^ 01 
IT 


If /i, V are elliptic coordinates, this equation may be written^ 

(l-vcofc (16), 




TT 




/ 

By § 99 (14) and § HO (31), the velocity perpendicular to the 
hyperboloid [i = cons/t., is 

~ ^ ^ = a (1 - I' cot v), 

Y 4- /x d/A TT Y K + ft ^ 

At all points in the plane z = 0 which do not lie on the disc, 
M = i), and the velocity perpendicular to this plane 

2^ /I x-I X 

= (1 — cot v), 

TTV 


which becomes infinite when i; = 0. The velocity is therefore 
infinite at the edges, as we should expect since the liquid is 
supposed to move according to the electrical law of flow. 

The solution for a stream flowing past a fixed disc behind 
which there is a region of dead water, has not yet been dis- 
covered. 


1 The function (v) is a spheroidal harmonic of the second kind, and is equal to 
where Q„(p) is a zonal harmonic of the second kind. The 
potential at an external point of any distribution of electricity upon an oblate 
spheroid which is symmetrical with respect to the axis of the spheroid, can be 
expanded in a series of terms of the type (y) P„ (/a). 
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150. To find the velocity potential when liquid is contained in 
an ellipsoidal cavity which is rotating about its centre. 

Here 

Assume Xi = 

Then 

dn ~ b* dy ^ c* dz 

Equating these two values of dyjdn, we obtain 

6‘ + c»- 
b^ — c* 

Hence = 

This value of satisfies Laplace’s equation, and is such that 
the velocities are finite and continuous at all points of the 
liquid. Hence 

^ - ®i j,. ^ ^ ®» a‘ + 6* ^ ^ 

151. Let us now suppose that the space between two 
concentric coaxial and confocal ellipsoids is filled with liquid, and 
that the inner and outer ellipsoids are suddenly moved with 
velocities U and V respectively parallel to the axis of z^. 

Let the accented and unaccented letters refer to the outer and 
inner ellipsoids respectively ; and let 

^ = Mz 4- NGi^z. 

The surface conditions are 


d(f> __ jjpz d<f> 


dn c'” ■ 


From the first equation we obtain 

ilf+iV((7-47r)= U, 


and from the second 


whence 


iV=~ 


M+N(G'-^)=V, 
l7(0'-47r) - F((7-47r) 
C-C 
U- V 


a ~G’ 


1 Greenhill, “Fluid motion between confocal elliptic cylinders and confocal 
ellipsoids,*’ Quart. Journ. vol. xvi. p. 227. 


10 



146 


KINEMATICS OF MOVING SOLIDS. 


and therefore 

■ ^ U jo - fe) ( 18 ). 

G — G 

If the outer ellipsoid were rotating about the axis of z with 
angular velocity II, and the inner with angular velocity c», the 
surface conditions would be 


We must therefore assume 

<f) = Mxy At) xy. 

From the first equation we obtain 



|Jf + if (B - A)| (1 + i) - 4.if ( * - i) - . - i) ' 

and from the second 

[M+N{B!-A )} - 47riV^^>i - = ft 


(19). 


which determine the constants M and 


162. We shall next investigate the motion of a liquid about 
an indefinitely thin spherical bowP. 

Let a be the radius of the sphere of which the bowl forms 
a part, 0 its centre, c the radius of the small 
circle which forms the rim of the bowl, A the 
pole of this circle which will be called the 
vertex of the bowl, Q any point on the bowl ; 
also let V be the potential at P of a distribu- 
tion of matter of density o- on the bowl. Then 

--im- 

Now PQ* = r® + a* — 2ar cos rj. 

Therefore 

dV [ fa (r — a COST}) dS 
dr-^]] PQ^ ’ 



_\d (Vr) _ JJa cos edjS 


a dr ~JJ FQ^ 
where 6 = tt — OQP. The right-hand side of this equation is the 
magnetic potential at P of a complex magnetic shell of strength a. 

^ Proc, Lond. Math. Soc. vol. xvi. p. 286 . 
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153. Let us now suppose that the motion of an infinite liquid 
is caused by any system of sources, sinks, or vortex filaments ; let 
be velocity potential due to this system (which we shall call the 
external system) when the bowl is absent; and let be the velocity 
potential after the bowl has been introduced. Then we may put 

where 12 is to be determined. 


If the bowl is fixed, which for the present we shall suppose to 
be the case, the surface condition is 

_dn _ 

dr ~ dr^ 

when r a. This condition is to be satisfied on both sides of the 
bowl. 

Now, if wo remove the bowl, and substitute over its surface a 
sheet composed of doublets, whose .axes are in the directions of the 
radii passing through them, and whose strength a, per unit of area, 
is such that the normal velocity at every point of the sheet is 
equal and opposite to the normal velocity due to all the con- 
ditions of the problem will be satisfied. But the velocity potential 
of such a sheet of doublets is analytically equivalent to the 
magnetic potential of a complex magnetic shell of the same 
strength, which occupies the position of the bowl, and whose 
positive side coincides with the sink side of the sheet of doublets ; 
hence the problem is reduced to finding the potential and strength 
of such a magnetic shell when the normal component of the 
magnetic force at the surface of the shell is given. 

Now we have shown that, if V bo the potential of a surface 
distribution of matter upon the bowl of density o*, then 

a dr 

also, if 0>Q and 12^ be the values of £2 at two contiguous points just 
outside and just inside the shell respectively, then 

£2^ — £2, = 47r(r. 

The magnetic force at the surface of the bowl is 
_dn _ 1 (Vr) 
dr a dr^ 


d‘ \dfi ^ ' dfj, 1 — /*■* d-\^‘ 


by Laplace’s equation. 


10—2 
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Now the value of the magnetic force at the surface of the bowl 
can always be expanded in a series of spherical surface harmonics 
; hence, if 

dfl y 

Y— . 

71(71+ 1 ) ’ 

/7 O GO 

and therefore if ~ ~ = 2, (20) 


at the surface, the corresponding value of V at the surface is 


F = a*2, 


n (n + 1)‘ 


( 21 ). 


The formula (21) fails when n = 0 ; the only case, however, 
which is necessary for our purpose to consider, is when the mag- 
netic force is symmetrical with respect to the axis of the bowl, and 
has a constant value F at its surface. In this case, 

r? dH 

dr 


1 d dV 

dfi* 


therefore V = log (1 ~ / 4 *) + J ^ log + B . 

i—fi 

Now V must not be infinite when /it = 1, therefore 


A=Fa\ 

and the value of V may be written 


V = Fa^ log a (1 + fi). 

But, if an infinite straight line extending from the centre of the 
bowl to - 00 be electrified with line density Fa*, its potential is 

= — Fa* log r (1 + fi). 

Hence V is the potential of the induced charge when the bowl 
is under the action of a positively electrified line extending from 
the centre to — 00 . If, therefore, x he the potential of the bowl, 
under the action of a positive charge of unit intensity, situated at 
a point on the axis distant u from the centre, and on the negative 
side of it. 



SPHERICAL BOWL. 


149 


154. The preceding result enables us to find the velocity 
potential due to a source situated at the centre of the bowl. In 
this case 


therefore 

therefore 





^ a J. 


'^§3£)*-5. 

dr r 


155. To find the velocity potential due to the motion of the howl 
in an infinite liquid. 


(i) Consider the case of motion parallel to the axis. 

If the liquid were flowing from right to left past the bowl, the 
velocity at infinity being equal to then 

<I> = — 


and 

whence 
at the surface. 


^ = fl, — WZy 


d^ 

dr 


= cos 0 


Hence, if the bowl is moving parallel to its axis with velocity u^ 

Now, by (21), ’ V, = — iwa’ cos d 
at the surface. is therefore the potential of the induced charge, 
when the bowl is placed in a uniform field of force parallel to its 
axis whose potential is ^waz + const., whence 

A ^ ^d{V,r) 

a dr ' 


(ii) Let the bowl be moving perpendicular to its axis with 
velocity v, and let the plane from which the angle yfr is measured 
contain the direction of motion; then if <f>' be the velocity potential, 

d<f> f • ^ 

^ = v cos 'ur sin 
ar 

therefore F' = — cos yfr sin 0 

at the surface. F' is therefore the potential of the induced charge, 
when the bowl is placed in a uniform field of force perpendicular to 
a plane containing its axis. 
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(iii) Let the bowl be rotating about an axis. 

It is clear that, if the bowl were rotating about an axis through 
the centre of the sphere of which it forms a part, the bowl would 
simply cut its way through, the liquid without producing any 
motion. Now, a rotation about any other axis is equivalent to a 
rotation about a parallel axis through the centre, together with a 
velocity of translation perpendicular to the plane containing the 
centre of the bowl, and the original axis of rotation; hence the 
motion of the liquid due to the rotation of the bowl is equivalent 
to that due to a properly chosen motion of translation. 

156. It thus appears from the preceding articles that the 
velocity potential due to the motion of the bowl in a liquid, 
depends upon the electro-static potential of an electrified bowl, 
which is placed in a field of force whose potential is known. We 
shall now show how to find this potential, when the field of force 
is symmetrical with respect to the axis\ 



Let ACB be a section of the bowl through 
its axis, / the centre of the sphere of which 
the bowl forms a part, also let AI G = a, 
P/a=^,/^ = a,^5=2c. 


If in the equation 

1 


-^ = l+P,/. + P,/.^+. 


(1 — 2h cos 6 4 - A®)' 

we put h = and equate the real and imaginary parts of the 
resulting expressions, we obtain 

cosia + P.cosfa-hPaCos4a+ = ^ A 

* v'2(co3a-cosm...(22), 

sin Ja-|-Pi 8 infa-hP 2 sinfa+ =0 i 


when 0>a. But if 0 <a, the first series is zero, and the second 
series = {2 (cos 0 — cos a)} 


^ Ferrers, “ On the distribution of electricity on a bowl,’* Quarts Jouftu vol. xviii. 
p. 97. 
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Differentiating the second series with respect to a, we obtain 
cos Ja + SPjCOS fa + 5 cosfa + 


sin a 


according as 0 < or > a. 


V'2 (cos 0 — cos a)^ 


or 0 


.(23), 


Multiplying (23) by 2 cos f (2n + 1) a, we obtain 

cos noL + cos (n + 1) a + {cos (n— 1) a + cos (ii + 2) a} + 

+ (2n -f 1) P^ {1 + cos {2n + 1) a} + etc. 


V2 sin a cos J (2n + 1) a ^ 

= - — j— ^ or 0, 

(cos 0 — cos ay 

according as 0 < or > a. 

If we suppose 0 < a, and integrate both sides with respect 
to a, between the limits tt and a, we shall find that the series 


47r‘ 

1 

47ra 


*. 2'”‘(2» + 1) pjMizih + “i“ <” +p+-yi p. 

7™ s-0 L n — s n + s+lj'" 


(2n + l)P„ + ^?r 

TT J , 


iv/2 f’^sin a cos f {2n + 1) 

— 

“ (cos 6 — cos ay 


-da 


.(24). 


But if we suppose 0> a and integrate with respect to a 
between the limits a and 0, we shall find that the series in 
question vanishes. It therefore represents the density of a certain 
distribution of electricity in the bowl. The potential of this 
distribution is 


1 * fsin {n - s) a sin {n + s + 1) a~ p 

n — s ^ Ti + s + l \r) * 


(25), 


if r > a ; but if r < a we must interchange a and r and multiply 
the result by ajr. 


To find the value of V at the surface of the bowl, we must put 
r = a, and differentiate with respect to a ; we thus obtain 

dV 

= 2cosf (2n + 1) a {cosfa + P^ cos f 3a + P^cos f 5a + } 


cos f (2?i + 1) a 
TT (cos a — cos 0)^ 
= 0 0 < a, 

by (22). 


0> a, 
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Hence p ee. j (Sn+1) . ^ 

^ -^0 (cos a — cos 0)® 

=^F(e) 0<a. 

To determine F (0)y let a = tt in the series (26) for V and 
we obtain V = P„. 

The series on the right-hand side of (25) is the potential of 
the bowl when placed in a field of force whose potential at the 
surface of the bowl is equal to — P^, and the density is given by 
(24); and since the potential of every field of force which is 
symmetrical with respect to the axis of the bowl can be ex- 
panded in a series of zonal harmonics, we can determine the 
potential and density of the bowl when placed in any such field. 


157. In order to obtain the potential when the bowl is 
placed in a field of force whose potential is ^waz, we must put 
71 = 1 in the series (25) and multiply the result by — ^wa^, hence 


^ __ wd? r sin (s — 1) g sin(g + 2)a 

* 27r 5=0 _ s — 1 ^ 5 4-2 



(26). 


In order to sum the first series, we have 

' + + + + 


A»(l -2V + fe7 
1 


PX 


therefore const. — T + PAosh + P.h + 

• A ‘ ® * »— 1 

— f_ 

~Jh 


+ &C. 


'h*(l-2hfi + h!j^ 


A”* — cos 6 


= - (1 - 2/*/t ‘ + h-^y - (I sinh“‘ gjn g 


Putting A successively equal to ae'^/r and ae~'^Jr, subtracting, 
and putting 8^ for the first series in (26), we obtain 

2tr* a-‘ 8 , (a* - 2ar/*6-“ + + (a* - ar/ae" + 


fia 


si 


sinh“^ — 


' — acos^ . , — acos^ 

’ — sinh ^ 


a sin 0 


asind 


]...(27). 


a* + r* cos 2a — 2ar cos a cos 0 = \ cos 2^, 
r* sin 2a — 2ar sin a cos ^ \ sin 2;^, 

r* -f a* — 2ar cos (a — 0) 

7-^ + — 2ar cos (a -f 0) = q\ 


Let 
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Then \=pq 

and the first two terms of (27) 

= 2l sin X* 

But 

4r’* sin* a — (p — g)* = 2 (X — a* — r* cos 2a + 2ar cos a cos 0) 

= 4\ sin* 

Hence the first two terms 

= + ^ {4r* sin* a--(p — g^)*}‘^. 

In order to find the value of the last two terms, let us denote 
the quantity in square brackets by — 2fc>/r. 

Since 

cosh (sinh'^ m — sinh“‘7i) = V(1 + (1 + 

we easily obtain 

tt* sin* 0 cos 2'^|r = (r*€^‘* — 2ar€^ cos 0 + a*)*^ 

X (r*€“^‘“ — 2ar€“"“ cos 0 + a*)*^ 

— (r* 4- a* cos* 0 — 2ar cos a cos 0) 

^ i Op* + ?*) + a* sin* 0, 


therefore 


therefore 


yjr = sin"^ 

^ 2a sin 0 

. 2r sin a 

= sin - , 

p + q 


^1 = ± 2r* a - (i> - ?)*}‘^ + 

Q second seri( 
shall finally obtain, 


i a* cos 0 . 2r sin a 

3 _j gjjj 


2r*^' vx' :£/ j 

The second series can be summed in a similar manner, and we 


+ ^ cos ^ sm”‘ + i {4r’' sin® a-(p- y)*}* j . . .(28). 


158. If the positive signs be taken, this is the potential at all 
points within the space bounded by the plane passing through the 
rim of the bowl, and that portion of the sphere passing through 
the centre and rim of the bowl, which lies outside the bowl. 

The potential for the space enclosed by the bowl and the 
plane through its rim is obtained by changing the inverse sine in 
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the first term to tt - sin”^ and taking the negative sign before 
the second term, and the positive sign before the fourth term. 

The potential for the remaining portion of space is obtained 
by changing the inverse sine in the third term to tt — sin“^, 
and taking the positive sign before the second term, and the 
negative sign before the fourth term. 


159. We cannot employ an analogous method for determining 
the potential when the bowl is placed in a field of force perpen- 
dicular to a plane containing the axis, since no analytical theorem 
has been discovered for obtaining the potential of a bowl which is 
placed in a field of force whose potential is a tesseral harmonic 
sin (m<^ + e J (cos 6)} 

The solution can hovrever be obtained by the following in- 
direct method. If we put 7i = 0 in (25), and sum the resulting 
series, we shall obtain the potential of an uninfluenced electrified 
bowl. Invert the result with respect to a point P in the plane 
containing the rim of the bowl, whose distance from the centre is 
equal to /, and multiply the result by -- m. We shall thus obtain 
the potential when the bowl is under the influence of a positive 
charge m at P. Now if we place a negative charge m at 
a point P' in PO produced such that OP' =fy and make the two 
charges move off to infinity, whilst the product 2m//® remains 
constant and equal to the field of force will ultimately become 
a uniform field of force perpendicular to a plane containing 
the axis whose potential is ^va sin 6 cos where i/r is the angle 
which the plane through the axis and the point (r, 0, makes 
with some fixed plane through the axis. The resulting expression 
for V will be the potential of the bowl when placed in this field 
of force. 


The result of this process is, 

y T I(!> + if - Ic"!* 

... ,-j 


iSin 


^ If an electrified circular disc is placed in a field of force whose potential is 
F(r, 0) sin the potential of the induced charge can be obtained by Bessel’s 

Functions, see Proc. Camh. Phil. Soc. vol. v. p. 426 ; and thence by inversion, we 
can obtain the potential of an electrified spherical bowl when placed in a field of 
force of the above form. 
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The inverse sines and the double signs before the second and 
fourth terms must be interpreted in the manner explained in the 
preceding article. (See Proc. Lond. Math Soc, xvi. p. 296.) 

The preceding expressions for the velocity potential make the 
velocity infinite at the edge of the bowl, and therefore the 
motion represented by the formulae could only be approximately 
realised in practice. 

160. In order to obtain the motion of a liquid in which a 
solid is moving by means of the velocity potential, it is necessary 
to find a potential function which satisfies an equation at the 
surface of the solid which involves the first derivatives of and 
this circumstance creates a difficulty which has proved insuperable, 
excepting in the case of an ellipsoid, an anchor ring\ and a 
spherical bowl. But if the solid is one of revolution which is 
moving parallel to its axis, the motion can be determined by 
means of Stokes’ current function, which Rankine® has shown has 
a definite value at the surface of the solid. 

Taking the axis of z as the axis of revolution, let w, u be the 
velocities of the liquid parallel and perpendicular to the axis of z ; 
the surface condition is 

Iw -\-mii = IV, 

where V is the velocity of the solid, or 

1 dyfr d^uT d^Jr dz ^ ydvr 
^ d'UT ds^ w dz ds ds ' 

Integrating along a meridian curve, we obtain 

= ^ VuT^ ( 2 ^^)- 

Now satisfies the equation 

d^yfr d^'yfr ^ dyjr _ 
dz^ rfw*'* OT d'or 

In this put 'xjr = and we obtain 

dz^ ' dvr'^ 'CT d'isT tsr* 

which shows that x sin ^ is a solution of Laplace’s equation ; hence 
(29) may be written 

1 Hicks, “On Toroidal functions.” J'hil. Tram. 1881, p. 609. 

“ Thil. Tram. 1871. 
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Hence if U be the electric potential of the induced charge, 
when the solid is placed in a uniform field of force perpendicular 
to a plane containing the axis and whose potential is — then 
TJw cosec ^ will be the current function when the solid is moving 
with velocity F parallel to its axis. 


In the case of a sphere 


Therefore 


Va^y 

Fa’cr sin <f> 

2r’ 

2/ 

Fa*«* 

Fa» sin* 0 

2r* 

2r 


EXAMPLES. 

1. An ellipsoidal shell is filled with liquid and rotates uni- 
formly about a given diameter; prove that the path of every 
particle of liquid relatively to the ellipsoid will be an ellipse whose 
plane is conjugate to the given diameter ; and that every particle 
will sweep out, about the centre of its elliptic path, equal areas in 
equal times. 

2. Liquid flows past the solid ellipsoid (^/a)* + (y/6)® + (- 2 /c)*= 1, 

the velocity at infinity being uniform and parallel to x. Prove 
that the lines of equal pressure on the surface of the ellipsoid are 
its curves of intersection with the cone where 

A is a variable parameter. 

3. Liquid is bounded by the ellipsoid {x\a)^ + {yjVf + {zlcf = 1. 
If the surface undergo a uniform torsion about a principal axis, 
prove that the instantaneous velocity potential is proportional to 
xyz for the liquid in the interior of the ellipsoid, and to 

for the external space, where 

. ^ r ^ 

A V t” (c’* + X) j 
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4. Prove that the velocity potential due to a source of 
strength m, placed at a point on the axis of a circular disc and 
distant f from it, at points on the side of the disc on which the 
source is situated, is 



m 


where P is the potential of the induced charge when the disc is 
under the action of a charge m, situated at a point on the axis on 
the other side of the disc, and whose distance from it is /. 


5. The ellipsoid ipcjay + {yjhf + {^IcY = 1 is surrounded by an 
infinite mass of water and rotates about the axis of x. Prove that 
the component velocities of any particle of water parallel to the 
axes will be respectively proportional to 


m 

dz 


^ dN 
dy * dx 


dz ' dy 


dx ' 


where L 


=/:{t 


4* 


a* 


+ a® + 6* + c* + yp'J 


^-.'1 


M = r , ,wt - . - , T p > 

A (a’ + ir)(b* + f)F’ 

N=- 2c‘za; f / « , , ■ » \ p > 

where P = V(a* + '^) (^* + (c* + 

and X is the positive root of the equation 

. + = 
a* 4" X 6^ 4" ^ c'^* 4 A. 


Prove also that if the ellipsoid be filled with water, the values 
of L, My N with 0 instead of \ for the inferior limit, will similarly 
determine the velocity of any internal particle of water. 


6. A sphere of radius a which is surrounded by an infinite mass 
of liquid, is strained uniformly so that e, /, g are the principal 
components of strain after unit time. Prove that the velocity 
potential of the initially resulting motion is 



^9 


d2?. 




a’(e +f+g) 
3r 
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7 . A sphere of radius a is surrounded by an infinite mass of 
liquid. If the surface of the sphere be suddenly moved with 
normal velocity eyz + fzx + gxy, prove that the velocity potential 
of the resulting initial motion is 

— a® {eyz + fzx + gxy)l^r^y 
where r® = 


8. Given that 

/r = a (cosh a + cos — cosh 7), 
y= 4 ia cosh cos ^/3 sinh 
^ = 4 a sinh \ol sin cosh ^7, 
transform the equation of continuity into the form 




cP(l> 




(cos /3 -f cos 7) + (cosh 7 + cosh a) + (cosh a - cos ^8) = 0, 

and show that the surfaces for which a, /8, 7 are constant are 
confocal paraboloids. 

Hence show that the velocity potential for infinite liquid 
streaming past the fixed hyperbolic paraboloid /8 = |8^, with 
velocity V parallel to the axis of x at infinity, is given by 

(j)= F (^ — a /8 sin /8j), 

and write down the corresponding values of 0 when the fixed 
surface is the elliptic paraboloid a = a^, or 7 = 7j. 


9 . The axes of an ellipsoid which is filled with liquid vary 
with the time in such a manner that the volume of the ellipsoid 
remains constant; prove that the velocity potential of the 
liquid is 

(f)=^ {dx^/a + by^/b + c//c). 


10 . The axes of an ellipsoid which is surrounded by an un- 
limited liquid vary with the time in such a manner that the 
ellipsoid always remains similar to itself ; prove that 

11. Determine the initial motion of liquid outside an ellip- 
soid, when component velocities (i) px, py, pz ; (ii) pyz, pzx, pxy 
are imparted to every point of its surface ; where p is the perpen- 
dicular from the centre on to the tangent plane at a;, y, z. 



CHAPTEK VITL 

ON THE GENERAL EQUATIONS OF MOTION OF A SYSTEM 
OF SOLID BODIES MOVING IN A LIQUID. 

161. When a number of solid bodies are moving in an in- 
finite liquid, the motion of the solids is most easily determined by 
regarding the solids and liquid as constituting a single dynamical 
system, and then employing Lagrange's equations. But as the 
methods and formulae employed are different according as the 
motion of the liquid is cyclic or acyclic, it will be convenient 
to consider these two cases separately. 


Acyclic Motion, 

162. The following notation will be employed ; let 

^in> Uncar and angular velocities 

respectively of any solid S^y along and about axes fixed in the 
solid. 

0m'. 0m". 0m'"; Xm". Xm'" *^6 velocity potentials of the 
liquid, when the solid is moving with unit linear and angular 
velocities respectively along and about axes fixed in S^^y and all 
the other solids are at rest. 

the velocity potential due to the motion of when all the 
other solids are at rest. 

''P' the velocity potential of the whole motion. 

if the mass of 

m m 
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From § 142 (1) it follows that 

+ 2>„X„' + + ’'..X*'"” •(!). 

for at the surface of 8„, d^Jdn is equal to the normal velocity of 
8^, and is zero at the surfaces of each of the other solids ; whence 

also, ^ (2). 

By § 86 (20) if be the kinetic energy of the liquid 

®— 

where the integration extends over all the solids ; whence 



Substituting the values of in this equation, it 

appears that 'SP is a homogeneous quadratic function of the 
velocities. If (^«,> O denote the coefficients of uj, 

&c. we obtain 

— ''’//♦■I’’'®-. 

&c. &c. 

These equations at once follow from Green s Theorem, and 
from the fact that d^^'ldn is zero at the surfaces of all the solids 
except )Sj. 

163. If all the solids are free, each solid will possess six degrees 
of freedom, and its position will therefore be determined by six 
independent coordinates. The velocities of each solid can be 
expressed in terms of these generalised coordinates and their time 
fluxes by means of the ordinary methods of Kigid Dynamics, and 
the kinetic energy of the liquid will therefore be expressible as a 
homogeneous quadratic function of the generalised velocities of 
the solids. The coefficients of the velocities will be functions of 
the generalised coordinates, and of quantities which determine the 
form and dimensions of the solids. Their values cannot be found 
without a knowledge of the velocity potential of the liquid, and 
they have been determined only in a few cases. 
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The kinetic energy of the solids can be found by the usual 
methods, hence if T be the kinetic energy of the solids and liquid, 

2’ = ® + ®' (4), 

from which it is evident that T is a homogeneous quadratic func- 
tion of the velocities of the solids. 


164. Since the coordinates of individual particles of liquid do 
not enter into the expression for the kinetic energy, it will be ne- 
cessary to establish the legitimacy of the employment of Lagrange's 
equations in the present case. The application of these equations 
is a particular case of the theory of Ignoration of Coordinates. 


Let the position of a dynamical system be determined by 
means of a system of coordinates 6^, Xv X 2 ^ 

suppose that the coordinates x enter into the expression 

for the potential and kinetic energies. Since 




= 0 , 



Lagrange’s equation corresponding to x will 


dt dx 


= 0 , 


whence 


1 — = const. = K 

dt 


(5). 


The constant k is the generalised component of momentum 
corresponding to x 5 there will be as many equations of the 
type (5) as there are coordinates X' Now whatever the motion of 
the system at any particular period may be, it can evidently be 
produced instantaneously from rest by the application of a system 
of impulsive forces, which must be equivalent to the momentum of 
the system at the particular period. If however the motion of the 
system is such that it could always be produced from rest or 
destroyed, without the application of the impulse components 
corresponding to Xy — other words if the velocities X could be 
produced or destroyed solely by means of impulsive forces arising 
from the connections of the system, — all the constants k will be 
zero, and (5) becomes 



( 6 ). 


By means of (6) all the velocities X 1^® eliminated from T\ 

B. 11 
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if T denote the result of this elimination, then since 0 and 0 
enter into T through we have 

d0 d0 dxi d0 dXi d0 

d0' 

by (6). Similarly 

dT' ^dT 
10 


Therefore ~ 

dt d0 


d^ 

d0 


d^ 

dt d0 


d0 


d0' 


which shows that when /e = 0, we may employ the modified func- 
tion T from which the have been eliminated in forming 
Lagrange’s equations. 

Now if the dynamical system consists of a number of moving 
solids together with the liquid in which they are immersed, and 
which either extends to infinity or is bounded by fixed solids ; and 
if the motion of the liquid is solely due to that of the solids 
moving about in it, we have shown in §§ 85 and 89 that its 
motion will be acyclic and irrotational, and that it could be 
instantaneously produced or destroyed by means of a proper 
system of impulsive forces applied to the solids and boundaries 
alone : also since neither the kinetic nor potential energy contains 
the coordinates of individual particles of liquid, the preceding 
investigation shows that the equations of motion may be obtained 
by forming Lagrange’s equations by means of the expression for 
T given by (4), which contains the coordinates and velocities of the 
solids alone. 


If the momenta k are not zero, Lagrange’s equations in their 
ordinary form cannot be employed. The modified function which 
must be used in this case will be determined in § 173. 


165. The system of impulsive forces which must be applied to 
the solids to produce the actual motion at any period, when com- 
pounded into a single force and a couple about the line of action 
of the force, is called by Sir W. Thomson the “Impulse of the 
Motion.” 

If all the solids are free and the liquid extends to infinity and 
is at rest there, the Impulse of the Motion is equal to the momentum 
of the system ; and if no impressed forces are in action, it must be 
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constant in magnitude and direction throughout the motion. But 
if the liquid has fixed boundaries, the impulse of the motion is 
equal to the difference between the momentum of the system, and 
the impulsive forces arising from the pressures exerted by the fixed 
boundaries. 

When there is circulation and the liquid extends to infinity 
and is at rest there, the impulse of the motion is equal to the 
impulse of the forces which must be applied to the solids, together 
with the impulses which must be applied to the barriers in order 
to produce the cyclic motion. 


16G. Let p be the pressure of the liquid, Z,, the direction 
cosines of the normal to S^\ the force and 

couple constituents of the impulse which must be applied to fifj, 
in order to produce the actual motion from rest, then. 

But “i + V, + ••. 


-4 




d<i>: 


dS.. 


Therefore 

Similarly 


— f &c. 

#t 


.(7). 


- jr- X ✓ 

Since T is a homogeneous quadratic function of the velocities 
of the solids, 

dr. dr. 

= + »,»/, + .. . 

Differentiating with respect to on the hypothesis that f,, 
are the independent variables, we obtain 


dP, 


^du dv, 

= +’7. ^+- 


Writing out (7) in full, we obtain 

= {M, + Mj + (Vi) + 

Vi = («iVi) + {‘'•A + + 


11—2 
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Differentiating these equations with respect to f,, on the 

supposition that fj, are the independent variables, we 

obtain 

1 - {V. +(«.«,)) + 

0 = («,”,) + l-lf, + (».»,)) , 

&c. &;c. 

Multiplying these equations by ti^, Vj... respectively and adding, 
we obtain 


Whence 


u 

dT 




dT . 

= ■“.> ;7r=J’. 


df, *’ d\. 

Equations (7) and ( 8 ) are well-known dynamical relations. 


( 8 ). 


Kirchhoff's Equations. 

167. When a single solid moves in an infinite liquid, the 
equations of motion may be obtained, as Kirchhoff has shown^ by 
expressing in an analytical form the fact that the rates of change 
of the component linear and angular momenta of the system along 
and about three rectangular axes fixed in the solid are respectively 
equal to the components of the impressed forces and couples along 
and about these axes. 

Since we are dealing with a single solid we may drop the 
suffixes and put (o^, co^, a>g for the angular velocities of the 
solid. 

If f, 77 , f be the component linear momenta along, and /a, v 
be the component angular momenta about three rectangular axes 
which are moving with angular velocities 0 ^, 6^y 6^ about them- 
selves, of any dynamical system whatever; and if X, F, Z and 
Ly My N be the components parallel to and about the axes of the 
forces and couples respectively which act upon the system, it is 
known* that the equations of motion of the system are 

^ Vorlei, Uber Math. Phys, p. 60. 

^ Hayward, Trans. Camb. Phil. Soc. vol. x. ; see also Besant’s Dynamics^ § 232. 
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v-i0, + ^O,= Y 

\ — W'q-\‘ vf— /Lt0g+ vQ^^L 

/i — + \0g = M 

v — V^ + wq— \6^ + fi0^ = N 

where % v, w are the component velocities parallel to the axes, of 
the origin of coordinates. 

Since these equations are true for any dynamical system 
whatever, they will hold when the motion of the liquid in which 
the solid is immersed is cyclic or rotational or both ; but the 
analytical expressions for the momenta 97 , &c. will depend upon 
the particular kind of motion of the liquid. 

When the motion of the liquid is irrotational and acyclic, 
the momenta are determined by (7); also if the motion is 
referred to the principal axes of the solid 0^ = ct)j, 0^ = 0^ = «g, 

and the equations of motion become 

d dJ0_ dT 

dt du dv dw 

ddT_ ^ 
dt dv dw du 

dt dw du ^ dv 

d dT dT ^ dT dT . dT 

dt d(o^ ^ dv^^ dw dcDg dco^ 
d dT dT ^ dT dT . dT 

dt d(o^ ^ dw^^ du dco^ dm^ 

d dT dT dT dT dT 

dt d(o^ ^ du^^ dv dcOj ^ d<o^ 

These are Kirchhoff’s equations of motion for a single solid 
moving in an infinite liquid. 



X 

Y 

Z 



Oeometrical Equations, 

168. We must now express the velocities in terms of the six 
coordinates, which determine the position of the solid. 

Let Xy y, z be the coordinates of the centre of inertia 0 of 
the solid referred to three fixed rectangular axes. Through 0 
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draw OX, OY, OZ parallel to the fixed axes, and let OA, OB, OC 
be the principal axes of the solid at 0. 



The angular velocities are given by the equations (Routh*s 
Rigid Dynamics, vol. i. § 256) 

et)j = 0 sin ^ sin 0 cos 1 

G)j, = ^ cos sin 0 sin (11). 

<»3 = <^ 4- cos 6 ) 

Also the component velocity of 0 in the direction of 0/^ is 
w cos ^ — V sin <^ = {x cos ^ sin yfr) cos 0 — i sin 6, 
and in the direction of OE is 


w sin + V cos « sin 4 - y cos y/r. 


Solving these equations, and observing that to is the component 
velocity of 0 in the direction of OG, we obtain 


u=:x (cos 0 cos <f) cos ^|r — sin sin \[r) 

4- y (cos 0 cos <f) sin ylr + sin ^ cos yfr) -z sin 0 cos (j) 
v=s — a: (cos 0 sin ^ cos 4- cos (f) sin yfr) 

— y (cos 0 sin ^ sin yjr-- cos (j) cos yfr) sin 0 sin (j) 
w — d) sin 0 cos yfr y sin 0 sin yfr-^^z cos 0 


( 12 ). 


169. The preceding equations may be considerably simplified 
in the case of a solid of revolution. 

Let OC he the axis of revolution, OX, OY, OZ three straight 
lines parallel to axes fixed in space, let w be the velocity of 0 
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along 00, u, v the velocities at right angles to 00 in and perpen- 
dicular to the plane ZOO. Then 

w = » cos cos 0 ^ sin i/r cos 0 — i sin ^ 'j 

t; = — sin ^ cos \[r I (13). 

w =x cos yfr sin 0 -\-y sin yjr sind + z cos 0 ) 



Also if 6 ) 3 , €t)g be the angular velocities about OA, OB, 00 

0)^^ — sin 0, a >2 = co^ = (f> + yjr cos 0 (14?), 

where the plane G OE is fixed in the body. 

The velocities of each of the solids can be expressed in a 
similar manner by means of equations ( 11 ) and (12), or (13) and 
(14); hence if we can obtain the values of the coeflBcients in terms 
of the coordinates, the motion can be completely determined. 


Cyclic Motion, 

170. We must now consider the more general problem of the 
motion of any number of solids, each one of which has several 
apertures through which circulation takes place \ 

The following additional notation will be employed. Let 
<f> = velocity potential of the whole motion. 

= do. due to motion of solids alone, 
ft = do. due to cyclic motion. 


^ Proc, Caml), Phil. Soc. vol. vi. p. 117. 
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xJ'> Xn!"> velocity potentials of the liquid, 
when the solid is moving with linear and angular velocities 
respectively along and about axes fixed in S^y and all the other 
solids are at rest and there is no circulation. 

cr^y areas of the apertures of 8^. 

K^y K^y kJI' ... the circulations through them. 

••• velocity potentials due to unit circulations 
through the apertures of 8^y when all the solids are at rest. 

yjr^y fluxes through the apertures of 8^ 

relative to 8^. 

the velocity potential due to the motion of 8^, and the 
circulations through its apertures, when all the other solids are 
at rest. 

By Thomson’s extension of Green’s Theorem, it is known that 
the motion at any period could be instantaneously produced from 
rest, by the application of suitable impulses to each of the solids, 
together with uniform impulsive pressures K^py tc^p ... applied to 
every point of the barriers a^yaj... respectively. Let Y^y Z^\ 
Z^, M^y be the force and couple components of the impulse 
along and about axes fixed in 8^y which must be applied to 8^. 

Let ; ^^y ... be the components of the 

impulses which must be applied to each of the barriers of 8^^\ also 
let &c.; = &c., and let 1L„, 

iSw generalised components corresponding to u^y v^^... 

of the momentum of the cyclic motion, when all the solids are 
at rest. 

Let be the mass of 8^y ^ the kinetic energy of the liquid, 
T that of the whole motion. It will be shown that T is the 
sum of two homogeneous quadratic functions of the velocities and 
circulations respectively. Let these be denoted by % and if 
respectively, and let (u^v^) denote the coefficients of 

««*. Vm. 

Since the co’s are the velocity potentials due to unit circulations 
round circuits which cut the apertures to which they correspond 
once only, when all the solids are at rest, they must satisfy the 
following conditions. 

(i) At all points of the liquid V*® == 0, and o) and its first 
derivatives must be finite and continuous at all points of the liquid, 
and must vanish at infinity. 
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(ii) At the surface of each solid daaldn = 0. 

(iii) (o must be a monocyclic function whose increment is 
unity for all circuits which cut the barrier to which it corresponds 
once only, and zero for all circuits which do not cut this barrier. 

It therefore follows that 

, , +*,>.»'+ ( 15 ), 

and that 

^ = ^ + fi. 


171. The kinetic energy of the liquid is 

where the first integral is taken over the surfaces of all the solids, 
and the second over all the barriers. Since d^Jdn at the surface 
of is equal to the normal velocity of and is zero at the 
surfaces of each of the other solids. 


® — + + ) 


We can now show that 


... (16). 


(u,u,) = - pjj <f>,' ^ dS, , 

2 M ^-pjjw,^dS, + pjjf^- = 0 , 

2 (^*,**) = - />//-. ^ dS, + pJI^ d., = 0, 

The above equations can be at once established by Thomson’s 
extension of Green’s Theorem. For if in equations (25) and (26) 
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of § 88, we put <^ = 0 ),, = then since 6)^ is a monocyclic 

function whose increment is unity for all circuits which cut the 
barrier once, and zero for all other circuits, and is a single 
valued function, we obtain 



Now d^'jdn is zero at the surfaces of all the solids except /S^, 
and dcojdn is zero at the surfaces of all the solids, whence the 
third of equations (16) follows at once. The others can be proved 
in a similar manner ; hence the products of velocities and circu- 
lations do not enter into the expressions for the kinetic energy of 
the system, and we may therefore put 

where $£ is a homogeneous quadratic function of the velocities of 
the solids alone, and is a similar function of the circulations. 


172. If jp be the pressure and m^, n^ the direction cosines 
of the normal to 








where the summation refers to corresponding products, and ex- 
tends to all the barriers; hence 


<“*■') 


where Z^, m^, are the direction cosines of the normal to the 
barrier ; whence 
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where the summation S, extends to the barriers of only ; also 

+ («&) + 1 . ( 18 ). 

From (17) we see that the component impulse corresponding to 
Wj, which must be applied to /Sf^ in order to keep it at rest, when 
the cyclic motion is generated by the application of proper impulses 

to the barriers of all the solids is — pjjd(f)//dn.X (xda); and 

therefore by (18) the generalised component of momentum cor- 
responding to of the cyclic motion when all the solids are reduced 
to rest, is 

3ei = l.-p// -^h{>cda)=pjjtA>cld<r)-p X(Kd<r)..(19). 

dT 

whence + Xj (20). 

Similarly it can be shown that 

(21)’ 

where % = \- P | (22). 


173. We must now obtain an expression for the modified 
Lagrangian function. 

Let the coordinates of a dynamical system be divided into two 
groups 0 and %, the latter of which does not enter into the 
expression for the energy of the system. Since the kinetic energy 
is a homogeneous quadratic function of the velocities 6 
we may put 

27= (ee)$+ 2 { 6 e^) . . . 2 {9x)H + • • • ixx) X^+^(XXi)xXi+ • • • (23). 

In this expression none of the coefficients involve 
Lagrange’s equation corresponding to X) gives 

dT f 

-v— = const. = K, &c. 

^x 

where k is the generalised component of momentum corresponding 
to ; writing these equations out in full, we obtain 

* = ((?x) d + + (xx) X + (xxi) Xx+ ■) 

= (^Xi) ^ + (^ 1 X 1 ) + (XXi) X + (XiXi) Xi+ [ (24), 
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the number of equations being equal to the number of the co- 
ordinates X* 

Let P, Pj, be the portions of /c, which do not 

involve the ;j;'s, then P, Pj, are linear functions of the ^’s 

alone, and (24) may be written 

hex) X + hext) Xt + « 

(XXi) X + hitXx) Xx-^ = *1 - -Pi r 


If A denote the determinant 

hex)’ hexi)> heXi)’ 

^ ^ (XXi)> (XiXi). (XiXJ. 
(XXi)> (XiX*)- (XiX,). 


the solution of (25) may be written 


Tf therefore we put 

2^ = (/c/e)P’ + 2(/c/Cj)PP, + ...| 

2® = {kk) + 2 (««,) KK^ + ... j ' ’ 

(26) may be written 

^ “ d« dP’ '^^~ dK, dP, 

Let 'ST be the portion of T which is independent of ; then, 
since P is a homogeneous quadratic function of the velocities, 

dd Ud, ^dx, ^‘dx. 

A A d'2C 



+ ^IW)b + <W!i:. + 1 

+ {(^iX) X + (^iXi) Xi + 1 + 

+ X* + Xi«i + 

= 2® + (« + P)X-f (*, + P.)x. + 

-2B + 2K-2<P + S(pg-.g). 
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Writing out the last term in full, it is easily seen from (27) 
that it vanishes ; and therefore since is a homogeneous quadratic 
function of the velocities 6 alone, it follows that T is equal to the 
sum of a homogeneous quadratic function of the velocities 0, 
together with a similar function of the momenta k. We may 


therefore put 

T = 3: + it (29), 

where 3^ = ^ (30). 


Let ® be the generalised component of momentum correspond- 
ing to 0, and let @ be the value of @ after the velocities 6 have 
been destroyed by means of proper impulses applied to the system. 
The momenta k will evidently be unaffected by these impulses, 
but the velocities x affected, since the impulse required to 

destroy 6 will produce reactions arising from the connections of 
the system which will change the values of the ;^'s. Now 








whence 

+ 

(31), 

and therefore 

g ,<R|) 



~~dS'"^~^MdP 

d% , pr 

--TS + ® 

(32), 

whence 

d dT _ d dX ^ d@ 

di dd dt de^ dt 

(33). 


It appears from (31) that the momentum @ is a function of 
the momenta k and the coordinates only. 

. . dT d% 

Te = de"^Td- 

Now since 0 enters into if through /c, we have 

dif dSS dx . dJf dK, J)(if 
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where the symbol 'bjdd operates on the coefficients and not on 
the momenta k. Differentiating (26) with respect to 0, we obtain 


0 = 



dF 

de 






(34). 


Multiplying the system of equations of which (34) is the type 
by K, /Cj... respectively and adding, we obtain 

die ^ d^ dic^ ^ 
die dd dK^ dd 

_ dP ^ d^ cZPj 
dtc dd dic^ dd 


dd dddic ^Hd'dic 


(35). 


Multiplying the equations of which (31) is the type by d, d^,., 
respectively and adding, we obtain 


whence 


2(00) = P 


d^ P 
die ^ dK^ 



therefore (35) becomes ^ ^ ~ ^ 2(00) = 0, 


whence 


de~ dd d0^d0^^^^^' 


We may now drop the symbol 'ti/dd on the understanding that 
the momenta k are to be treated as constants, and Lagrange’s equa- 
tions become 


dt dd dt dd ^ dd 




dV 

d0 


= 0 . 


Since 0 and 5^ do not contain 0, the modified function is 

L = %^t (0^) - 5f+F (36). 

If the velocities 0... be expressed in terms of new velocities 
and X be the new momentum corresponding to u after the w’s have 
been destroyed, it can easily be shown that, 

2(@0) = 2(Xt^). 
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For let 0 = Au-¥ A^u^ + 

then ddjdu = A, dOjdu^ = A^, &c. 

^ o dT ^ d% « 

du~*’ 


also by (32), 
therefore 

S(*«)-e (» », f- +) + e. (» + ) +te 

-S(S9), 

whence (36) may be written 

L^X + t{^u)-k+V (37). 


174. We have therefore obtained a form of Lagrange’s equa- 
tions, which can be employed when the kinetic energy is expressed in 
terms of the velocities corresponding to the coordinates by which 
the position of the system is determined, and the constant momenta 
corresponding to the time fluxes of the ignored coordinates. 
Now by § 89, when a liquid of density p occupies a multiply- 
connected region, circulation k can be generated by means of a 
uniform impulsive pressure tep applied to every point of one of 
the barriers which must be drawn to make the region simply 
connected, and the circulation thus generated cannot be destroyed 
excepting by the same process as that by which it has been 
produced. It therefore appears that the product of the circulation 
and the density is a quantity in the nature of a generalised com- 
ponent of momentum. 

Hence in order to determine the motion of a number of 
perforated solids in an infinite liquid, we must first calculate by 
means of (16) the quantities % and the former of which is the 
kinetic energy due to the motion of the solids alone, and is 
therefore a homogeneous quadratic function of their velocities, and 
must be expressed in terms of the generalised coordinates and 
velocities of each solid; and the latter of which is a similar 
function of the circulations. The quantity in (37) is evidently 
the generalised component corresponding to % of the momentum 
of the cyclic motion which remains after all the solids have been 
reduced to rest, and its value is given by (19) or (22), according 
as it is in the nature of a force or a couple. 

1 In this term T is supposed to be expressed in terms of the velocities 
u... and x..„ 
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175. We can now ascertain the physical meaning of the 
generalised velocity % which corresponds to the momentum /cp. 

Let 'i/tj be the flux through the aperture of 8^^ relative to 
S^, Then if be the direction cosines of the normal to cr^ 

ti=//{^- (“i + qi^-r^y) -m, K + r,® -p,z) 

-njw,+p,y-q,a;)^d<r^ 

C C /VZH 

""Jjdn JJdn 

^ / Itn 

cZ/Cj ' 

If therefore we put 

«i = f AiP = // /3, = 7i = 

o, = v*ip = // Ky - ^ = M,/ «i/>. c, = vj/c^p, 

we obtain 


- 7 iW, - aj), - b,q, - c.r, 

+ (“)• 

Now if T be expressed as a quadratic function of all the 
momenta 

IdT _ . 
p d/c 

But 2T= tu'^ + 2^=^tu(X--^) + 2S: (39), 


by (20). Hence in order to obtain we must differentiate (39) 
with respect to /c^, on the hypothesis that the momenta X are 
constant, and that ii is a function of /c ^ ; whence by (19) and (22), 


2 — - 2 — — 
dx^ du dx^ 


(a,M, + + y.Wj + ajp, + h^q^ + c^r,)p 


+ P 






(40). 
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From (20) we obtain 

0 = 2(w,t;)^^ + 3f^-p 



rfo-,, 


0 = S {u^v) 


dv 

die. 


>If 


da- 


where the summation extends to all the unsuffixed letters in- 
cluding ?;= Multiplying these equations by Wj, v^... respec- 
tively and adding we obtain 

^d%du , , /o , , ,7 , N n 

2 + ( W + + 7i^i + ^ ^ 1 1 

whence by (38) and (40) 

whence X\ ~ 

Hence the flux through the aperture relative to the solid 
is the generalised velocity corresponding to the momentum fc^p. 
This theorem was discovered by Sir W. Thomson \ 


176. We shall now apply the preceding results to determine 
the motion of a single solid having only one aperture. 

If u, V, q> 2, ft>3 be the linear and angular velocities of 

the solid, along and about axes flxed in the solid, and O the 
velocity potential due to the circulation 


where 

Also by (19) and (22) 



K=icpjj(l-^^)da, &c. 

^ = */*// ~ ~ 


X. — • j— *i" X &c. 
du 


.(41), 


L— 3 :+ Xm + + SSw + Itwj + j!Mw, + j3w, - £ + r...(42). 


B. 


* Proc. Roy. Soe. Rdin., vol. tu. p. 668. 


12 
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In this case the quantities are evidently constants, and 
we can either obtain the motion by expressing Uy v in terms 
of a?... by (11) and (12), or by (13) and (14), and then employing 
Lagrange’s equations; or since X, Y... are the components of the 
momentum of the system along and about the axes of the solid, 
we may substitute their values in (9) from (41), and thus determine 
the motion by Kirchhoff’s ecpiations. 


Motion of a System of Cylinders. 

177. If we endeavour to calculate the right-hand side of (37), 
in the case of the two-dimensional motion of a number of cylinders 
in an infinite liquid, when there is circulation round some or 
all the cylinders, it will be found that some of the terms become 
infinite. In order to avoid this difficulty, we must describe an 
imaginary fixed circular cylinder in the liquid, the radius of 
whose cross section is a very large quantity c, and then calculate 
the value of L for the space contained between the moving 
cylinders and the outer one, omitting all the terms which vanish 
when c becomes infinite. It will then be found on substituting 
the value of L thus obtained in Lagrange’s equations and per- 
forming the differentiations, that all the terms which become 
infinite with c disappear, and we thus obtain the equations of 
motion of the cylinders'. 

178. The calculation of L can most easily be effected by 
employing the current function instead of the velocity potential, 
for the former function is always single valued unless any sources 
or sinks exist in the liquid. 

Let i/j, Vj be the component velocities of any cylinder S^ along 
rectangular axes fixed in the cylinder^ Wj its angular velocity, 
/Cj the circulation round any closed circuit which embraces this 
cylinder once only. 

Let the centre 0 of the cross section of the outer cylinder be 
the origin, and let a^^yy^ be the co-ordinates of the centre of inertia 
of the cross section of referred to rectangular axes fixed in space; 
x'y y/ the co-ordinates of the same point referred to moving axes 
through 0 which are parallel to the directions of v^. Also let 

^ Proc. Camh. Phil. Soc.y vol. vi. p. 135. 
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X be the current function, and O be the velocity potential of the 
cyclic motion when all the cylinders are at rest. 



In the figure let GA, OB be the axes of any one of the cylinders 
along which u^y are measured, then 



where the first integral is to be taken once round the circum- 
ference of the cross section of the outer cylinder, and the square 
brackets denote that the second integral is to be taken once round 
the circumferences of the cross sections of each of the moving 
cylinders. 


At the surface of each of the moving cylinders x constant, 
hence the second integral vanishes, therefore 


s.= 


f dx' 

-PFdV 


ds. 


Let (r', 0') be polar co-ordinates of a point referred to Ox as 
initial line, then at a sufficient distance from 0, x be expanded 
in a series of the form 

^ m log r' - (^1 cos O' -h JSj sin 0')-... 

Therefore 

= - pc J |m log c + ^ (^1 cos 0' -f sin 0') + ...| sin 0'dff 

= -7rp53, (43). 

Similarly ~ Z’ //^' 




(44). 

12—2 
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Again, if be the angular momentum about C of the cyclic 
motion, 

+ iy' - yJ d^'dy' 

By Stokes' theorem the double integral 

— !p/r'g* + Jp[/r-g*]. 

The first integral = Trpc^m, the second integral may be written 

— J r^dVtlds . dsj , 

hence 

ja. = w/>c*m - - ’Tp (^t«i'+ 33 , 3 /,') ( 45 ). 

Also = 

'^^dO+ptiicx). 

The integral 

= /> J |m log c + ~ (^ cos 0 + 313 sin 0)| 

X m — - cos 0 + 33 sin 0) • cZ0 — 27r/om* log c. 
c I 

Whence if = 7rpm* log c + J/oS (/«^x) (^6). 

Hence we finally obtain 

Z = !E 4" TT/oS — 33w) + S (iE®) 

— TT/om* log c — (kx) + F (47). 

If we substitute the preceding expression for L in Lagrange's 
equations and perform the differentiations, it will be found that 
the terms irpc^m in and nrprv? log c disappear ; we may therefore 
write 

L = Z+Trp% {^v - asu) + S (iaa>) - ipS (*x) + F ( 48 ). 

Jt = - ip [/r* ^ d^] - -rrp {^' + W) m 
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179. The quantity % which does not depend on the cyclic 
motion, can be obtained by the ordinary methods. With respect 
to the other terms we must first obtain the values of x ^ » 
we must then draw from 0 a series of lines parallel to the 
directions of and take each of these lines successively 

as the initial line, and expand % in a series of the form 

X = — m log r — i cos 0 -f 33 sin 0) — . . . 

which will determine the values of the ^*s and 38*s. 

The velocities u, v and the co-ordinates a?', y expressed in terms 
of 57, y, the co-ordinates of G referred to fixed axes, and the angle 
9 which GA makes with Oxy are given by the equations 

u=x cos 0 -f y sin v = — x 6 if cos 9 
x' = X cos 9 y sin 9y y’ = — x^m 9 -^-y cos 9 

When there are several cylinders, the value of x surfaces 

of the different cylinders is a function of their forms and positions, 
and is therefore a function of the co-ordinates ; when there is 
only one cylinder the value of x surface is an absolute 

constant. 




CHA.PTER IX. 


ON THE MOTION OF A SINGLE SOLID IN AN INFINITE 

LIQUID. 


180. When a single solid is moving in an infinite liquid 
whose motion is irrotational and acyclic, the kinetic energy of the 
solid and liquid is a homogeneous quadratic function of the com- 
ponent velocities of the solid alone, and is therefore of the form ; 

2T == Pv? + Qv^ + Rw^ + 2P'vw + 2Q'wu + 2R'uv 

+ A.ci}^ + B(o^ + 2jB^o)gG>j + 2(7^a)ja>j 

4- 2o)j {Lu + Mv 4- Nw) 

4- 2 ( 0 ^ (L'u + M'v 4- N'w) 

+ ( 1 ), 

where w, v, w ; (w^, a >3 are the cotnjponent linear and angular 

velocities of the solid. 

If the motion is referred to the principal axes of the solid, the 
quantities P, Q, R are called the effective inertias of the solid 
parallel to the axes; and the quantities A, B, G are called the 
effective moments of inertia about the axes. Their values are 
determined by the equations 

P=Jf~p//<;»,Wfif&c. &c. 

— ~ dS &c. &c. 

where M is the mass of the solid, its moment of inertia about 
the axis of x, and Xv constituents of the velocity 

potential. 

The other coeflBcients depend solely upon the form of the 
solid and the density of the liquid ; their values are given by 
§ 162. (3). 
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181. When the form of the solid resembles that of an ellipsoid, 
which is symmetrical with respect to three perpendicular planes 
through its centre of inertia, and the motion is referred to the 
principal axes of the solid at that point, the kinetic energy must 
remain unchanged when the direction of any one of the component 
velocities is reversed ; hence the kinetic energy cannot contain 
any of the products of the velocities, and must therefore be of the 
form ; 

2r= + Qv^ + Rw^ + + Bco^ + (3). 

If in addition, the solid is one of revolution about the axis of z, 
the kinetic energy will not be altered if u is changed into i?, and 
(Oj into cOg, whence P = Q, JL = i^, and 

2T = P + v^) A -f- 6)./) + C'a>3" (4). 

Although every solid of revolution must be symmetrical with 
respect to all planes through its axis, it is not necessarily sym- 
metrical with respect to a plane perpendicular to its axis. The 
solid formed by the revolution of a cardioid about its axis is an 
example of such a solid. In this case the kinetic energy will be 
unaltered when the signs of u, v or cOg are changed, and also when 
u is changed into v and into ; hence in this case 

2P = P (ti* + ^ (o), + ft)g) . . .(5). 

If the solid moves with its axis in one plane, (say zx), v and 
must be zero, and the last term may be got rid of by moving the 
origin to a point on the axis of z whose distance from the origin 
is — N/R, This point is called the Centre of Reaction, 

We shall now consider some special cases. 


Motion of a Sphere. 

182. Let a sphere of radius a, density <7, and mass AT be pro- 
jected with velocity V in an infinite liquid of density p ; and let 
the sphere be acted upon by a constant force Z perpendicular to 
the initial direction of projection. 

Let the axis of x be in the direction of projection, and that of z 
in the direction of the force, then 

a* 

^ = — i p {'^ + 

2r=p(M*-hi^^), 
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p=M-pSj<f>m 

= + irpa^f cos’ff sin 

0 

where ilf' is the mass of the liquid displaced. Therefore 

2T=^(M + iM') + 

and Lagrange’s equations give 

d^dT_ ^ 7 

dtdx'^ ^ dtdz “ 


Integrating we obtain 

{M + ^M')x = const = (if + |i/') V 


whence x— V (6), 

and (M+lM')z=Zt 

hence (if + ^if')^ = (7). 


Since x remains constant and equal to its initial value, it 
follows that if a sphere which is acted upon by no forces, is pro- 
jected in any direction with given velocity, it will continue to 
move along that direction with the velocity of projection. The 
same result can also be shown to be true in the case of any solid 
which is symmetrical about an axis, and which is projected 
parallel to that axis. This however is altogether contrary to ex- 
perience, and the reason of this discrepancy between theory and 
observation is, that we have assumed the liquid to be frictionless, 
whereas all liquids with which we are acquainted are more or less 
viscous. The viscosity gives rise to a retarding force by which the 
solid and liquid are gradually reduced to rest, and the kinetic 
energy is converted into heat. 

The motion of a sphere in a viscous liquid will be considered in 
the second volume. 

Equation (7) shows that the only effect of the liquid is to pro- 
duce an apparent increase in the inertia of the sphere, whose 
amount is equal to half the mass of the liquid displaced. 

When the sphere is moving under the action of gravity 
Z = {M — M') g ; therefore 


0--P 
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Hence the sphere will describe a parabola in the liquid with 
vertical acceleration (<r — p)/(o* + ^p) \ 

183. In the preceding investigation we have assumed that the 
liquid always remains in contact with the sphere ; but it may 
happen that the pressure becomes negative at some point of the 
sphere, in which case a hollow would be formed in the liquid. 

If the sphere is moving with constant velocity F in a straight 
line, 

^ Va^x 


also since the origin to which ^ is referred is in motion with 
velocity F, 


p p ax 

= - + F»(|cos^^-|) 
P 


wliere 11 is the pressure at infinity. Hence if 


n<|FV, 


p will become negative when 0 lies between a and tt — a, where 
a < ^TT, and a belt of liquid will be thrown off and violently dis- 
turbed motion will ensue. For a discussion of the subsequent 
motion, see a paper by Sir W. Thomson, PhiL Mag,^ March, 1887. 


184?. A sphere of radius a and mass M is contained within a 
fixed concentric sphere of radius c, and the intervening space is filled 
with liquid of density p which is initially at rest. If an impulse I 
be applied to the inner sphere, prove that its initial velocity w is 
equal to 


Let 


Then 


■\m \ 

I 3(c“-a'‘) 

^ cos 6. 


d(l) 

dr 


= w cos 6 when r = a, 


d<f> 

dr 


= 0 


when r == c. 


Greenhill, Mathematical Tripoa^ 1877. 
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Therefore 


wa 


and 


>4 — — 7? — — 

, wa^ f \ ^ 


Now if p be the impulsive pressure on inner sphere p = — p0, 
therefore 

Mw = / + p//^ cos 6d8 


= / 

= /- 


c-a^ Jo 

[c 

3 (c*~~ a*'*) 


27rpa® (c® + 2tt®) w; 


Motion of a Cylinder, 


185. When a right circular cylinder is projected in an infinite 
liquid which is at rest, and no forces are in action, it will move 
(as will presently be shown) in a straight line with uniform velocity, 
and the only effect of the liquid will be to produce an apparent 
increase in the inertia of the cylinder, which is equal to the mass of 
the liquid displaced. There is however an important difference 
between the motion of a cylinder and of a sphere, since the space 
outside a cylinder is a doubly connected space, and hence circula- 
tion round the cylinder is possible. 

We shall therefore consider the problem in its most general 
aspect \ 

Let a be the radius of the cylinder, (r, 6) the polar coordinates 
of any point referred to its centre ; {x, y) the coordinates of the 
same point referred to fixed axes, (a, /8) the coordinates of the 
centre of the cylinder, (m, v) its component velocities referred to 
the Jixed axes ; k the circulation. Then 

6 = — — (w cos ^ sin 0) + ^ 

^ r ^ ZTT 


o U{x-a) + v{y - ^) 
(a;-ar + (y-/3)^ 



x — a* 


1 Lord Rayleigh, “ On the irregular flight of a tennis ball,” Mess, Math,, vol. vii. 
p. 14 ; Greenhill, “ Note on previous paper,” Mess. Math., vol. ix. p. 113. 
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Now d = u, /8 = V, 

whence we easily find 

- (ti cos 0 4* V sin ff) + p {u^ + ^ 0 + v sin 0)* 


K 

+ ^ (i4 sin 0 — V cos 6) 

Attv 

and therefore when ?• = a 

{f> = --a(u cos 0 + i) ^m6) + + v^ — 2(u,co&0 + v sin 6y 

/c 

+ — - {u sin 5 + V cos 6). 


Also 



Therefore when r = a 

^ a + - - (^ sin 0 - v cos 0) + . 

^ 47rtt Tra ^ 


If gravity be the only force in action, and the axis of y be 
drawn vertically upwards, the pressure is determined by the 
equation 

p .3 K 

— a (d cos ^ 4- v sin 4- ^ {u^ 4- v^) 4- ^ — » 4 {usind — v cos 0), 

p Z oirvb ird 

— 2{u cos 0 4- sin 0y 4- y (/3 4- a sin 0) = const. 

Let X, Y be the forces parallel to the axes due to the pressure, 
then 

r2ir riiT 

X = — ap cos 0d0, F = — I ap sin 0d0i 

Jo Jo 

whence omitting the terms which are independent of 0, and which 
therefore vanish when integrated round the circle, we obtain 

f ( fC • 

X — ap I s - (tfc sin 0 — t; cos 0) — a(u cos 0 + u sin 0) 

J 0 

— 2 (u cos 0 ^vsin 0y 4 - ga sin 0y cos 0d0, 


= — Kpv — ira^pu (8). 

Similarly T = xpu — ira^pv + Trypa* (9). 


Hence if a be the density of the cylinder, the equations of 
motion are 

7r<ra®d = X, = F — iraga^ 
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which by (8) and (9) become 

(/j + <r) M + — j V = 0 
^ ' ira 

(p + o-)v_£P.M + (o--p)5r=0 
ird 

We draw the following conclusions from (10), 

(i) Let /c = 0, ^ = 0. In this case the acceleration vanishes 
and the velocity is constant. Hence if the cylinder is projected 
with any velocity, it will continue to move along the direction of 
projection with this velocity, and the only effect of the liquid will 
be to produce an apparent increase in the inertia of the cylinder 
which is equal to the mass of the liquid displaced. 

(ii) Let = 0. In this case the horizontal velocity is constant, 
and the cylinder will describe a parabola with vertical acceleration 

9 {o'- p)l{o + P)- 

(iii) Let g = 0 : and let the initial velocity be parallel to y 
and equal to F. Putting /cp/7ra* (p + cr) =X, and integrating (10) 
we obtain, 

w = — F sin = F cos X^, 

a = FX”* cos Xt, /3 = y X"^ sin Xt 

If therefore the cylinder is projected with velocity F in any 
direction, and no external forces are in action, it will describe a 
circle in the same direction as that of the cyclic motion. 

(iv) When neither g nor k are zero, the integrals of (10) are 

^ ^ — Y sin X^, i; = F cos Xt, 

{<T+ p)X 

a = + r cos Xt, iS = ^ sin X^, 

(O’ + p) X X X 

and therefore the cylinder describes a trochoid moving from right 
to left with mean velocity (o- — p) g/{<r + p) X. 

186. The preceding results may also be obtained by Lagrange's 
equations ; for with the notation of § 178, 

Z = ^Tra^ (p + cr) («* + f), 
also if (r', ff) be current coordinates 

log {(»■' oos 0'-xy + (/ sin 6' - y)*}^ 

= -^logr' + ^,(a;cos^ + 

gl ^-'Kxl*lir, = — Kyl^TT, 



whence 
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Taking for a moment the origin at tfre centre of the cylinder, 
the value of is 

-il^jjrdrd) 

= |/c (c® — a®), 

whence is constant, and the value of L is 

L = ^Tra® (a? + f) + \Kp {xy - yx\ 
whence equations (10) at once follow. 


187. Let us now suppose that the cross section of the cylinder 
is any curve, which does not possess cusps projecting into the 
liquid \ and that there is no circulation. The kinetic energy will 
be a homogeneous quadratic function of the velocities w, -y, o), and 
by changing the directions of the axes we can make the term m 
disappear. We shall however for simplicity confine ourselves to 
the case in which the cross section is a curve (such as an ellipse), 
which is symmetrical with respect to two perpendicular straight 
lines through its centre of inertia. In this case all the products 
will disappear, and 

2r=Pte® + Qy® + .4a>® (11). 


Let the liquid be initially at rest, and let the solid be set in 
motion by means of an impulse F, This impulse is equivalent to 
a linear impulse F applied at the centre of inertia of the cylinder, 
together with a couple about its axis. Let fl be the initial 
angular velocity due to the couple, )8 the angle which the direction 
of the impulse F makes with the initial direction of w. 

If 6 be the value of this angle at any subsequent time, the 
Principle of Conservation of Linear Momentum gives, 

Pu = Pcos dy Qv== — F sin 0, 

Substituting in (11) we obtain 


or 


Ad‘ = An' + F'0;-^J(sm’d-sm'ff) ( 12 ). 


^ Greenhill, ** On the motion of a cylinder through a frictionless liquid under no 
forces,” Math., vol. ix. p. 117. 



190 


MOTION OF A SINGLE SOLID. 


Let Q> P ; then if 

n.<Fain^ \J\pQ> 

6 will vanish, and the cylinder will oscillate ; but if 

6 will never vanish, and the cylinder will make a complete 
revolution. 


Case I. When the cylinder oscillates, (12) may be written 

6 = I 6 — sin^ a (13), 

where I = F J {Q--P)IAPQ, P sin* sin* a. 

Equation (13) shows that 0 can never be < a nor >7r — a through- 
out the motion, hence the axis of least effective inertia (i.e. the 
longest diameter of the cross section) will oscillate between the 
angles a and tt — a. The cylinder will therefore move so that 
its flattest side tends to turn itself towards the direction of 
motion. 


Let cos 0 == cos a sin <!>, 

then (13) becomes 

n-r - 

Jirr V(1 ~ COS* a sin* ’ 

and therefore cos 0 = cos a sn (K -h It) (14), 

and the period of oscillation is 4ir//. 

Let (a?, y) be the coordinates of the centre of inertia of the 
cross section referred to fixed axes, then 


whence 


X = u cos 0 — v sin 0, y = w sin 0 -f v cos 0, 


(16). 


These equations show that the centre of inertia of the cross 
section of the cylinder moves along a straight line parallel to the 
direction of F with uniform velocity F/Q, superimposed upon 
which is a variable periodic velocity, and at the same time vibrates 
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perpendicularly to this line. This kind of motion frequently 
occurs in hydrodynamics, and a body moving in such a manner is 
called by Thomson and Tait a Quadrantal Pendtdum^, 

Substituting the value of 0 from (14) in terms of t in (15), and 
integrating, we shall obtain the values of x and y in terms of t, 
and the equation of the path will be obtained by eliminating t 
from the resulting equations. 

Case II. When the cylinder makes a complete revolution, let 

then it is easily seen that Ar < 1, and (12) becomes, 

whence cos 0 = sn (K — It/k), 

choosing the constant so that 0 vanishes with t Hence the 
solution can be continued as before. 


Here 

and therefore 


Case III. This is the limiting case between I. and II. 

0 = / sin 0 
It = log tan \0. 


Therefore cos 0, 

au Jf 

I A . . 
y = sin 0, 

dx F ^ lA , ^ 

dd^Ti ^ “ F 

a; = log tan ^0 4- cos 0. 

Putting lAjF^ c, and eliminating 0 we obtain the equation of 
the path, viz. 


^ 1 




Natural Philosophy ^ vol. i. part i. § 322. 
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The curves described by the centre of inertia of the cylinder 
in the three cases, have been traced by Greenhill and are shown in 
the figures 1, 2, 3 of the accompanying diagram. 

If the cylinder is projected parallel to the longest diameter of 
its cross section and be slightly displaced, it appears from (12) that 
its motion will be the same as that considered in Case III. 


The values of P, Q, A for an elliptic cylinder are, 




whence Q < P. 


188. If the cross section is a curve such as a cardioid, which 
is symmetrical with respect to only one straight line through its 
centre of inertia, which we shall take as the direction of u, the 
kinetic energy will be 

2T = Pa* + Qv^ + Aco^ + 2La>u, 

and if we transfer the origin to a point on the axis of y whose dis- 
tance from the origin is — P/P, the kinetic energy will be 

2T=Pu^+ Qv-‘ + (A-^'j<o\ 
and the previous results apply. 


Motion of an Ellipsoid^, 

189. If a solid which is symmetrical with respect to three 
planes through its centre of inertia, which are mutually at right 
angles, is set in motion along one of its principal axes, and there 
are no forces in action, it wdll continue to move along that direction 
with uniform velocity. Similarly if it be set in rotation about a 
principal axis, it will continue to rotate about that axis with 
uniform angular velocity, provided the solid does not contain any 
apertures through which circulation takes place. 

1 Greenhill, “Fluid motion between confocal elliptic cylinders and confocal 
ellipsoids,’’ Quart. Journ.t vol. xyi. p. 227. 

B. 


13 
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Let us now suppose that the solid is set in motion by means of 
an impulse Fy whose direction is inclined at an angle a to the axis 
00 of the solid. 



If the axis of z coincides with the direction of the impulse, 
and no forces are in action, the component momentum parallel to 
z must be equal to F, and the components parallel to x and y 
must be zero throughout the motion, whence 

Pu — ^F sin 0 cos <f), 

Qv = F sin 9 cos 
Rw = F cos 6. 

Substituting these values of Uy v, w in (3) we obtain, 

22’= + (7<. . . (16). 

The motion is therefore the same as that of a rigid body 
rotating about its centre of inertia, under the action of a system of 
forces whose potential is 

190. Let the solid be moving without rotation along one of its 
principal axes which coincides with the direction of the axis of Xy 
and be slightly disturbed from its state of steady motion. 

Let u = + be the new velocity parallel to x after disturb- 

ance. In the beginning of the disturbed motion, v!y Vy &c. are all 
small quantities, and Kirchhofif's equations give 

Pa — Oy Qt) = — Pu^ao^y Rw = Pu^to^y 
^ci>j == 0, ^{R- P) u^Wy (7^3 = (P - Q) u^v. 
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Hence Qv + ^ V ® = 0, 

JitO + u‘ w = 0. 

o 

The motion will therefore be unstable unless F is greater than 
either Q or F. 


191. The only solid for which the quantities P, Q, R, A, B, C 
have been determined is the ellipsoid. 

From § 180 (2), 

MS, 

^ = IIxi (ny - ds. 

Hence if we write 


A' = 27rabc[ y-r , — 

Jo K + X) 

we obtain from § 147 


dX 


0 (u" + X)® (6" -+* X)^ (o'* + X)* * 

P^M-pjiy^ldS, 

= M+ 


4j 

M’A' 
47r - A' 


by § 7 (9), where M' is tlie mass of the liquid displaced. Similarly 
A — 1^ = ^ M (b^ + (?) — pa Jfyz (wy - mz) d8, 

= ^ if (6’ + c‘) - pa JJf (f - dxdydz. 


= i\M(¥-\-c^ + 


M'{b‘-c‘)((r-Ji') 


47r {b‘-(?) + {B'-C') (6“ + c 


Uc'o}' 


Since G' >B'>A\ it follows that R> Q>P, whence in the 
case of the ellipsoid the least axis is the only direction of stable 
motion. 


192. When the motion is such that two of the axes always 
remain in a plane, the equations of motion can be integrated ; for 
if these axes be the directions of u and v, we have w = 0, co^ = 0, 
6)3 = 0, and 

2T = Pii^ + Qv^ -h CcD^\ 

the kinetic energy is therefore of the same form as in the case 
of the cylinder considered in § 187. 


13—2 
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Under the same circumstances, when the solid is symmetrical 
with respect to two perpendicular planes through its centre of 
inertia, the kinetic energy is of the form 

2T = Pu^ -f -f + 2Lu(i>^y 
which is reducible to the previous form. 


Oil the Motion of a Solid of Revolution^. 

193. In considering the motion of a solid of revolution, it will 
be convenient to discuss the case of a ring through whose aperture 
there is circulation. If in our results we put /c = 0, we shall 
obtain the motion of any solid of revolution ring shaped or not 
when there is no circulation. 

Let 0 be the centre of inertia of a plane curve /S, OZ any 
fixed straight line lying in the plane of 8, and let 0 be per- 
pendicular to OZ. We shall assume 8 to be symmetrical with 
respect to Off, but otherwise it may be of any form, provided 
there are no singular points capable of giving rise to sharp edges ; 
and the ring will be supposed to be generated by the revolution of 
8 about OZ. Then 0 will be the centre of inertia of the ring, OZ 
its axis of unequal moment, which will be called the axis of the 
ring; and the circle described by G will be called the circular axis 
of the ring. 

Let the ring be introduced into an infinite liquid which 
is at rest, and held fixed ; let the circular aperture be closed up 
by means of a plane diaphragm, whose area is a ; and let cyclic 
irrotational motion be generated by applying to every point of this 
diaphragm a uniform impulsive pressure /tp, where p is the density 
of the liquid, and then let the diaphragm be removed. 

The velocity potential of this cyclic motion will be 

<f) = kD,, 

where fit is a monocyclic function whose cyclic constant is unity, 
and K is the circulation, round any closed circuit, which embraces 
the ring once only. 

The resultant momentum of the cyclic motion will be parallel 


^ Proc. Camb. Phil. Soc., vol. vi. p. 47. 
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to the direction of the impulsive pressure on the diaphragm, and 
equal to 5S ; and the energy to ^Kk^, where 

= fcpa — KpjfnndS, 

and 71 is the -^-direction cosine of the normal to the ring drawn 
outwards, and dS an element of its surface. 

If the ring be set in motion, the kinetic energy and momentum 
of the ring and liquid will be determined by the equations 

2 r = P + v^) + A + a>/) + (17), 

f = Pit, 7) = Bv, ^ = Rw 4- SS 

\ = A(o^, pb=A(o,,y v = Gco^ 

Since the liquid is incapable of producing a couple about the 
axis of the ring, co^ = const. = « throughout the motion. 

Hence, if the ring be let go after the cyclic motion has been 
generated, it will remain at rest ; for the only possible motion will 
be in the direction of its axis, and consequently 

2T= Rw^ + Gai^ + Kk^ = its initial value, 
therefore iv — 0. 

194. Let the ring be set in motion by means of an impulsive 
couple G about any diameter OB of its circular axis. 


B 

The axis OG of the ring will evidently move in a fixed plane, 
which is perpendicular to the axis of the couple. Let 0 be the 
inclination of OG to OZ at time t\ u,w the velocities of 0 along 
OA and OG. 
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The principle of Conservation of Linear Momentum gives, 

— f sin 0 + S' cos 0 = SS, 

^ cos 0 f sin 0 = 0, 
whence Pu = — SS sin ^ 

Rw = — jS (1 - cos 6) 

If i, X be the velocities of 0 along and perpendicular to OZ, 
then 

X = ucos 6 + wsm 6 y 
z —w cos 0 — u^in 6. 



Therefore 


a; = 5S sin 0 cos ^ ^ sin 6 


. 5S 
p +SS 


COS®0 — ^COS0 


Also 2T = Pui^ + Rw^ + -h Kh? = const. 

Substituting the values of u and w from (19) we obtain, 

A^ = A(o-‘-W(~ + ^->r ^ COS 0 + co8*0. . .(2] ) 

=f{e) say, 

where (o is the initial value of 6. 

The character of the motion depends upon the roots of the 
equation / {6) = 0, which we shall now consider. 

The roots are 



Case I. Let R>P. 

In order that the roots may be real, we must have 

AP\R^y 

If this condition be satisfied, one root will be positive and < 1, 
and the other will be negative and less than — 1. Hence 6 will 
vanish when 6 has some value lying between 0 and ^tt, and the 
ring will oscillate between the angles ^ and — )8. 
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Butif 

both roots will be imaginary, and 6 will never vanish. Hence the 
ring will make a complete revolution. 

Case II. Let P>B, 

In this case both roots are real, and one of them is positive and 
< 1 provided to is sufficiently small ; but if a> is sufficiently large 
both roots will be negative and < — 1. In order that one root 
should not be < — 1, it is necessary that 

25S 

ft) < — . — ^ . 

Jar 

If this condition be satisfied, the ring will oscillate between the 
angles /8 and --/3, where ^ lies between 0 and tt ; but if 


JAR^ 

the ring will make a complete revolution. 

195. In order to find the period of oscillation or revolution, 
as the case may be, we must express 9 in terms of t 

Case! 11 >P, 

(i) Let the roots be real and equal to p and — q, where 

> 1 > p > 0. 

Equation (21) may be written 

9'^ = iP (cos 9 — p)(cos 9 + q)y 


where 


where 


APR 


(R-^P). 


cos 9 = 


1 — D cos** (f> 
1 + cos*^ ^ * 


1+p 

l+i>cos’*0 ’ 

(cos e-p) (cos e+q) = ^ 

_ jq-Dil-p) 

~ 2(j> + q) • 


where 



200 


MOTION OF A SINGLE SOLID. 


Therefore 

“ V(1 +p) (1 + q) V(1 - sin” <f>) ’ 

therefore ifi = am It, 

where I = \M V(1 + i>) (1 + ?)• 

Therefore 

cos e = ^ f 
and the period of a complete oscillation is ^Kjl. 


(ii) Let the roots be imaginary and equal to p + iq. 
Then = M = {(cos 0 - p)" + q\ 


Let 


_ 1 — /) + (I + D) cos (f> 

1 + i) 4- (1 — j)) cos (f * 


Then 


and 


de= 


2\/ Dd(f> 

1 “H “h ( 1 JJ) cos (j> * 


{(cos0-py^ r/} {1 +i)+ (1 -i>)cos<^} = {1 (1 +D)Y+q\l+Dy 

+ 2 cos </) [(1 + q^-n^ {(1 +p/ + (/*}] + [{1+ i) -p (1 - i))]* 

+ ( 2 ® (1 — D)*] cos® <l>. 


Hence, if 


■(i+i,r+V’ 


the coefficient of cos ^ will vanish ; substituting this value of D, 
we obtain, 


/v/{(C0S 

where 


_dd 1 d(l> 

d -py + q^} ~ ((1 +p^ + qy - 4pf V(1 - sm» ^ ’ 

1 

2L {(l+p^ + qy-4pfy 


Hence 

where 


^ = am 1% 

/'=ifl(l+/ + 3')“-4pf ; 


and we finally obtain 


tan® 


+ l -cal't 
^''“■i(l+p)“+Vj T+cn/'t’ 


■and the time of a complete revolution is iKJI'. 
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Case 11. P> R. 

In this case both roots are real, and one root is always negative 
and numerically greater than unity. 

(i) Let the roots be p and — y, where 5 '>l>jp> 0 . The 
transformation is the same as in Case I. sub-case (i). 

(ii) Let the roots be — and — q, where q>l>p>0. 

Then 0^ = M^ (cos 6 +p) (cos 0 -h q), 

where il/* = (P - iJ). 


In this case we employ the same transformation, but must put 

1 +p 

1 - 7 ,’ 


n = 

k^ = 


^ (? -i)(i- j,) 

l+q + D{q-l) ^{q-p) 


(iii) Let the roots be — p and — q, where q>p>l. 

\ —D sin® 


We must put 
where 


cos 6 = 


1 + P sin® <f> ’ 


]) = -P ? 

p + 1 ’ 

(p-p(7-2) 

- ip+i){q + l)- 


In order to obtain the path described by the centre of inertia 
0 of the ring, we must substitute the value of 0 in terms of t in 
(20), and integrate the result. 

We can however ascertain the character of the motion of 0 
without integrating (20). For differentiating (21) we obtain 


A0 = - 


5S® 
■ P 


sind-5S® 




sin 0 cos 0. 


Therefore 


. A0 

5£> 

^ “ ®)- 


Also the value of i may be written 

i = f - [^ (p - ;J) cos® ^ + 1 cos . 


and 
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The term in square brackets has its greatest value when 0 = 0, 
in which case i = 0; hence i can never become negative. The 
motion of 0 is such that 0 moves along the initial direction of the 
axis of the ring with a uniform velocity, superimposed upon which 
is a variable periodic velocity; and at the same time vibrates 
perpendicularly to this line. 

196. Since the momentum due to the circulation alone is 
always perpendicular to the plane of the ring, it follows that if a 
ring initially at rest be set in motion by means of a couple about a 
diameter, the direction of this momentum will be changed ; and 
the opposition which the liquid exerts against this action on the 
part of the ring, will produce a couple tending to oppose the rotation 
of the ring. Also, since the impressed couple can produce no effect 
on the linear momentum of the system, it follows that the effect of 
changing the direction of the momentum due to the circulation, 
will be to cause the ring to move with a velocity of translation, 
which gives rise to a linear component of momentum of the whole 
system, such that the resultant of the latter and jS (whose direction 
has been changed) must be a momentum equal to SS, and whose 
direction coincides with the original direction of 

197. We shall now investigate the stability of the motion of a 
ring, which is moving parallel to its axis in the direction of the 
cyclic motion. 

When the motion is steady 

» f = Rw + SS == const. = 7, 

V = (7a)g = const. = (712, 

^ = i7 = X = /A = 0. 

In order to obtain the disturbed motion, we must have recourse 
to Kirchhoff’s equations of motion ; we shall also suppose that the 
co-ordinate axes are fixed in the ring. 

Putting for shortness 

= 7 + 

the equations of disturbed motion are, 

Pu — PHv -f 76)2 = 0, 

Pi) — 7©^ + P^lu = 0, 

A©, + + ((7 — a) fl©2 = 0, 

A©2 — Zm — ((7 ~ a) n©j = 0. 


P(SS-7) 
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Putting u = &c. the equation for determining p is, 


Pp 

-pa 

0 

7 

pa 

Pp 

-7 

0 

0 

z 

Ap 

{C-A)a 

-z 

0 

-(G-A)a 

Ap 


or 


If ^7 is positive both values of p® are real and negative, and 
the motion will be stable ; but if -Z7 be negative, the motion will 
be unstable unless 


n®>- 


P{{G-Ay + A^} 


,( 22 ). 


If n = 0 the roots are 

p == ± I 



and the criterion depends altogether on the sign of Zy, Now 

Zy = 7* — Pyw. 

(i) Hence if tc and w are both positive, 7 will be positive and 
^7 > 0 if R>P, 

but if P < P, Zy will not be positive unless 

y^> {P — R)w, 


(ii) If K is positive and w negative = - y = y& — Rw' \ 
hence if SS > Rw\ then .^7 > 0 ; but if Zy will not be 

positive unless 

{R--P)w'>%, 
which requires that R>P, 


(iii) If /c = 0 and is not zero, 

Zy^R{R--P)w\ 

Hence if P > P the motion will be stable ; but if P < P the 
motion will be unstable unless 




y: 


2AR{P^R) 




198. Another kind of steady motion may be obtained by setting 
the ring in motion by means of a couple 0 about a diameter of its 
circular axis, and at the same time applying an impulse SS in the 
opposite direction to that of the cyclic motion. 
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71 = 0, 7V — 


The effect of the latter impulse is to destroy the linear 
momentum of the system, hence 

?=0, ?=0. 

Therefore m = 0, w = — . 

Xh 

Kirchhoff’s 5th equation gives 

= const. = (7 == Ad, 

The motion of the ring is such that its centre of inertia 0, 
describes a circle about a fixed axis parallel to the axis of the 
couple, through which the plane of the ring always passes. If r 
be the distance of 0 from this axis, 

^ A Gr 


therefore 


EG • 


In order to determine the stability, we must put 
^ = Pt(, v = Pv, ^ = Ew, 

\ = + v = 0, 


w=--^+w, 


G 

- -j + 


in Kirchhoff’s equations of motion, where the quantities w, v, &c., 
on the right-hand sides of these equations, are small quantities in 
the beginning of the disturbed motion. Also, if the axes are fixed 
in the ring, 

/I /I ^ 


and the equations of disturbed motion are 

Fu - 4 — — w = 0y 
A 

Pv = 0, 

Mia — — u = 0 , 


= 


'0 = 0, 

Ai>^-^u = 0. 
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From the first and third equations we obtain 

fOt 


w = w sin 


Rw fOt \ 
M = ^ cos + a j . 


G‘-) 


The fifth equation gives 

Zw' . 

= si 

The second and fourth give 

V = const., 

PSS 

AR 


+ const. 


vt + const. 


These equations show that the motion is stable for all displace- 
ments which do not tend to remove the centre of inertia from the 
plane of its motion ; but the motion is unstable for all displacements 
which tend to produce this effect. If the disturbance is such that 
?; = 0, the disturbed motion will still be stable, but the axis of 
rotation will be shifted through a certain angle. 


199. A third kind of steady motion, which is helicoidal, is 
obtained by first communicating to the ring an arbitrary angular 
velocity ft about its axis; secondly by applying an impulsive 
couple G about an axis inclined at an arbitrary angle a to the axis 
of the ring ; and thirdly by applying a determinate impulse in the 
plane of the axes of the ring and couple. 

In order that steady motion may be possible, it is necessary 
that V and therefore rj should be zero throughout the motion. This 



condition may be secured by means of an impulsive force whoso 
components in the direction of X and Z arc — SS sin a, and F, 
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The equations of momentum are 

(f cos^+ fsin^) cos sin = 0, 

(f cos 0 -f f sin 0) sin 4- 17 cos = 0, 

— f sin 0 + ?cos 0 = F+S&cobol; 

whence 

f = — (J^+SScosa) sin 0^ 

^ = 0 [ (23). 

f = (-P+5Scosa) COS0 J 

Since the components of momentum parallel to the axes of X 
and Y (which are fixed in direction, but not in position because 0 
is in motion) are zero throughout the motion, the angular momen- 
tum about OZ is constant, whence 

— Act}^ sin 0 + (7fl cos 0 = G+ GSl cos a (24). 

The equation of energy gives 

Pii^ + Rw^ + A + 0^) = const., 

putting Z = F cos a, this becomes 

Z^ sin* 0 [Z cos ^ - 5S}® [O^Ca (cos a « cos 0)Y 
P R A siii* 0 

+ A0^ = const. = its initial value (25). 

This equation determines the inclination 0 of the axis. 

200. So far our equations have been perfectly general, we 
shall now introduce the conditions of steady motion. These are 


0 = a, = 0 = ^ = 0 (26), 

whence (24) becomes 

All sin*a = G (27). 


Differentiating (25) with respect to t, and using (26) and (27), 
we obtain 

cos a- Cfl/* + cosa - ■^ = 0..,(28). 

In order that steady motion may be possible, we must have 

0 *11* > 4^ZA cos a 

Hence, if jR > P steady motion will always be possible, but if 
P> R, steady motion will be impossible unless the condition (29) 
is satisfied. 


/I 

1> 

y jSI 

[r 

Rj 

Z cos ® ~ ^ 


.(29). 
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If x, y, z be the co-ordinates of 0, we have 
x = {ucoa6 + w sin 6) cos ~ p) “ ~ ® cos (d, 

y = {ucoa6 + w sin 6) sin ~ ^) cos a — sin a sin fxt, 

n • n a /Sin® « COS* a\ 5S COS OL 
^ = wcos^-MSin 0 = Z I -^ + 1 ^ — ; 

whence the centre of inertia describes the helix 

^ (s - 

if„/i i\ %\ . 

2 / = — - |z — pj cos a — p| sin a cos 


^ ^sin* a ^ cos® SS cos a| 




This last result may be at once obtained from the fact that the 
impulse of the motion must consist of wrench about a fixed axis\ 

201. To examine the stability differentiate (25) with respect 
to wo thus obtain 

Ae+f{e) = Q. 

Hence the motion will be stable or unstable according as /' (a) 
is positive or negative. 

Now 

iTSS sin d 


/W = i^’(p--p) sin2^-l-^f 


{(?+C^i2(cos a - cos^)} - {0 + GSl (cos a - cos ^)j*; 

therefore 

/=/(a) = ^^®(l + 2cos®a) 

^2Qa y -t -In 

— SC£lfi cos a + p j cos 2a cos a. 

Eliminating fl by means of (28) we obtain 

^ V - 1 - Aiji^Z - p) (1 - 3 cos' a) + ^ cos a| 

+ Z' 


f;r/l 



r b 

p] 

1 

1 cos * ~ p 


^ An elementary demonstration of the results of this article when there is 
no circulation, has been given by Greenhill ; Quart, Jour.^ vol. xvii. p. 86. 
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The condition that p® should be positive is easily found to bo 
that 

{t + ^ (i - 7 ) 3 «)} f-?- - (1 - p) <* + 8 co» <■)} 

should be positive. 

If there is no circulation SS = 0, Z = jP, whence the condition 
becomes 

i’^Q-j.)(9cos®a-l)>0, 

which requires that a should lie between cos”^ -J- and 0, or between 
TT — cos~^ \ and tt. 

The azimuthal motion of a solid of revolution when there is no 
circulation, has been worked out by Prof. Greenhill in the Quart 
Jour., vol. XVI. pp. 247 — 254 ; and another investigation by him 
by means of Weierstrass’s Functions will be found in the 
Appendix. 


General Motion of a Solid. 

202. Having discussed the preceding special cases of motion 
we shall pass on to discuss certain general theorems relating to 
the motion of a single solid. 

If the form of the solid is similar to that of a two bladed screw 
propeller of a ship, which is symmetrical when turned through two 
right angles about the axis of z, the kinetic energy must be 
unaltered when the signs of u, v, co^ are all changed, whence 

2.T = Pu^ + Qv^ + + 2Kuv + Aco^ + Bco^ + Owg" + 2C'co^ci),^ 

+ {Lu + Mv) + 2 ( 0 ^ {L'u + M'v) + 2N''(o^w (80). 

If the solid resembles a four bladed screw propeller which is 
symmetrical when turned through any multiple of a right angle, 
the kinetic energy must be unaltered when --v, u, - cr)j are 
written for u, v, Wj, (o^ respectively, whence 

2r= P {u^ + v^) ■\‘Rw^ + A {< 0 ^ + 

+ 2L + 2M {<o{0 — Wgit) + 2N''o>^w (31). 

In this expression the term (o{0 — cojti can be got rid of by 
moving the origin along the axis of z. 
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If the solid is symmetrical with respect to itself when the axes 
of X and y are turned through any given angle a in either direction, 
it can be shown that if (1) be transformed by putting 

u = v! cos 6 — v* sin 0, = o)/ cos 0 — co^ sin 0, 

V = 2^' sin 0 + V cos 0, cOg = cd/ sin 0 + cos 0y 

the condition that the transformed expression for T should be 
unaltered when 0 is put equal to a or — a, is that T must be of the 
form (31). 

This kind of symmetry is called helicoidal symmetry. 

Let us now suppose that there is another axis situated anywhere, 
with respect to which the solid possesses helicoidal symmetry. 
Since the form of (31) is not affected by turning the axes of x and y 
through any angle, we may suppose them placed so that the other 
axis of helicoidal symmetry lies in the plane xz. Turning the 
axes of X and z round that of y through a certain angle </>, the 
new axis of x will be the axis of helicoidal symmetry, and the 
expression for the energy will be of the form (31) but with the axes 
of X and z interchanged ; whence 

2T==P + v^ + iv^) -f- A (a)^- + ft)/ + ft>3“) 

+ 2L (Mft)j + va)^ + wco^) (32). 

A solid of this kind is called by Sir W. Thomson an isotropic 
helicoid \ 

203. When a solid is set in motion along a given direction, it 
will not in general continue to move along that direction : similarly, 
if the solid be set in rotation about a given axis, it will not in general 
continue to rotate about that axis. We shall however show that 
there are always three directions mutually at right angles, such 
that if the solid is set in motion along any one of them without 
rotation and then left to itself, it will continue to move along this 
direction with uniform velocity. 

When there are no impressed forces, KirchhofFs equations of 
motion, § 167, are satisfied by putting o}^ = = = 0, and u, v, w 

all constant, and 

u du V dv w dw* 

1 Proc. Roy, Soc, Edinburgh^ vol. vii. p. 384. See also, Larmor, “On 
Hydrokinetic Symmetry,” Quart, Journ, vol. xx. p. 261. 

B. 


14 
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whence 27 = Pu^ + Qv^ + R'u? + 2PW + 2Q'wu + 2R'uv, 
and 4 - Qi; 4- Fw _ Qu + Fv + Rw 

u V w ‘ 

These eqjiatioiis show that the resultant velocity must be 
in the direction of one of the principal axes of the ellipsoid 

Poi? + Qy^ + Rw^ + 2P'yz + 2Q'zx + 2R'xy = const., 
which proves the proposition. 


204. It is shown in treatises on Statics that every system of 
forces is reducible to a wrench; that is to say a single force, and 
a couple whose axis coincides with the direction of the force. The 
ratio of the couple to the force is called the pitch of the wrench. 


Similarly the motion of every rigid body is reducible to a twist 
about a certain screw; that is to say a velocity of translation 
along a certain line which is called the axis of the screw, together 
with a rotation about that axis. The ratio of the linear to the 
angular velocity is called the pitch of the screw. 


If in § 203 the axes of coordinates coincide with the three 
directions of permanent translation, the impulse is determined by 
the equations 




\ = = JjU 

awi 


and therefore consists of a wrench of pitch i/P. 


205. The above motion is not the only permanent steady 
motion of which the solid is capable : for if the velocities and there- 
fore the momenta are constant, KirchhofFs first three equations 
of motion give 

^ ^ r 

.(33), 




O), 


O), 




and the last three combined with these give 
\ — hu^lJb — hv__v — hw 


= k. 


.(34). 


Equation (33) expresses the condition that the axes of the screw 
and wrench should be parallel, the condition that they should be 
coincident is 

Xa)i — __ rWg — ^w 

0)1 0 ) 2 ^ < 0 * 
which by (33) is equivalent to (34). 
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Hence there exists a simply infinite system of possible steady 
motions, each of which consists of a twist about a certain screw. 

The pitches of the screw and the wrench are in general 
different ; if be that of the former and ic that of the latter 

, _ + / at ; + + OD^W k 

* " ^ + " < + a,/+”®3* +/6’ 

whence h = h {ic — k). 


And the expression for the kinetic energy becomes 

2r = 'r)V \&)i + /ACOg + 

= (/c 4- k) hco^, 

where co is the resultant angular velocity. 


The values of h and k are not independent, for if the three 
directions of permanent translation be chosen for the axes of 
coordinates, and we substitute in (33) and (34) the values of f, rj, f 
&c. obtained by putting P', Q' , R' equal to zero, we shall have the 
following system of C(piations 

(A — A;) o?! 4 C'wo 4- P'cDg 4* (P — A) ^ ~ 0 

&c. &c. 

(L-h)oy, + L'co, + r^co, + Pu = 0 
&c. &c. 


Substituting the values of w, v, w from the last three equations 
in the first three, it will be found that (35) are of the form 

ao), 4- 7 -I- /S'wg = k(o^, 

7'a), + 4- aw^ = 

^'a)j 4- a'a>a 4- yoL\ = kco^, 
whence k is determined by the equation 


a — k, 

I3\ 


7, 

^-k, a' 

a', 7 - A? 


= 0 . 


The roots of this equation are all real ; hence to every value of 
h there are three values of k, which are all real ; and the axes 
of the three screws are mutually at right angles but do not in 
general intersect. 


14—2 
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206. We shall now show that when the impulse of the motion 
consists of a couple only, the motion of the solid consists of a 
motion of translation combined with a motion of rotation, which is 
the same as that of a certain ellipsoid which rolls upon a certain 
moveable plane. 

Taking the axes of permanent translation as the axes of 
coordinates, we have f = §* = 0 throughout the motion ; hence 

Pu + = 0 &c. &c. 

Aq)^ + C'ci)^ + + Lu + Mv + Nw = \ &c. &c. 

If we eliminate u, v, w from the last three equations by means 
of the first three, it will be found that 

do)/ ^ ^ do)Q* 

where 


20 — + 23^^a)ja)2. . .(3G), 


_ . P AP N\ , 

^ = &c., &c., 


PP MM'' N'N" 

— jt- 

The equations of motion are 

A = eo^ — cOgV &c. &c. . , 


&c., &c. 


.(37). 


In equations (37) let us change the directions of the axes 
which are fixed in the body, so that they coincide with the principal 
axes of the quadric 

-f- aSiy^ + + 2^ y-sr 4- + 221'a7y = const. 

If this be done, and the equation of the quadric referred to 
these axes is 

ax^ + ^y^ + = 1, 

we shall have 

-v/ / ^ Q f * * 

X = acDj , /a = , 1/ = 70)3 , 

and (37) becomes 

aa>/ — (^ — 7) G)l 0)3' = 0, &c. 

whence the motion of rotation is obtained by making the above 
mentioned quadric roll on the plane 

"Kx fjby vz = const., 

whose direction is fixed in space (since X, fi, v are constant), with 
an angular velocity proportional to the length 01 of the radius 
vector drawn from the origin to the point of contact I, 
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The motion of translation is obtained by making the plane and 
quadric move through space with a velocity whose components are 
given by f = 0, 97 = 0, $• = 0. 

The theorems of the last two articles are taken from a paper 
by Prof. Lamb, Proc, Lond. Math, 80c. vol. viii. p. 273. 


EXAMPLES. 


1. Apply Lagrange’s equations to determine the equations of 
motion of an anchor ring ; and thence obtain the theorem that the 
flux through the aperture relative to the ring, is the generalized 
velocity corresponding to the product of the circulation and density 
of the liquid. 


2. If A and B be the forces required to act per unit of time, in 
order to generate unit velocity perpendicular and parallel respec- 
tively to the axis of an ellipsoid of revolution in an infinite liquid, 
and if G be the couple required to act per unit of time in order to 
generate unit angular velocity about an equatoreal axis, prove that 
the kinetic energy of the ellipsoid and the liquid is 

1 (Au^ + + Bw^ + 0(0^ + Gco^ + C(o^) 

with Euler s notation, C being the polar moment of inertia of the 
solid. 


Express T in terms of Lagrange’s coordinates x, y, 0, <f>, 
and prove that if the axis of z be parallel to the impressed impulse 
Fy then 




sin 9 cos 0 cos yfr, 
sin 0 cos 0 sin yfr, 


„/sm^0 , cos®0\ 7 , a 

^ = +-J— j, ^ +T^COS0=ft>3, 

Qyjr sin® 0 + Cwg cos 0=F (a constant), 

+ Of* sin* d + 0,0* + F* ) = 2T. 
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3. In the midst of an infinite mass of liquid at rest, is a sphere 
of radius a, which is suddenly strained into a spheroid of small 
ellipticity. Find the kinetic energy due to the motion of the 
liquid contained between the given surface, and an imaginary 
concentric spherical surface of radius c; and show that if this 
imaginary surface were a real bounding surface which could not 
be deformed, the kinetic energy in this case would be to that in 
the former case in the ratio 

c^(Sa^-h2c^) : 2 (c-^ ~ 

4. A pendulum with an elliptic cylindrical cavity filled with 
liquid, the generating lines of the cylinder being parallel to the 
axis of suspension, performs finite oscillations under the action of 
gravity. If I be the length of the equivalent pendulum, and I' the 
length when the liquid is solidified, prove that 

h {M + m) (d^ + 6*'*) ' 

where M is the mass of the pendulum, m that of the liquid, h the 
distance of the centre of gravity of the whole mass from the axis of 
suspension, and a, b the semi-axes of the elliptic cavity. 

5. Find the ratio of the kinetic energy of the infinite liquid 
surrounding an oblate spheroid, moving with given velocity in its 
equatoreal plane, to the kinetic energy of the spheroid ; and denot- 
ing this ratio by P, prove that if the spheroid swing as the bob of 
a pendulum under gravity, the distance between the axis of the 
suspension and the axis of the spheroid being c, the length of the 
simple equivalent pendulum is 

(1 + P) c + ^d^jbe 

i-p/ff ’ 

where a is the equatoreal radius, a and p the densities of the 
spheroid and liquid respectively. 

6. A pendulum has a cavity excavated within it, and this 
cavity is filled with liquid. Prove that if any part of the liquid 
be solidified, the time of oscillation will be increased. 

7. Prove that if a number of solids be moving freely under 
their mutual attractions in an unbounded liquid, the impulse of 
the motion remains constant. 
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8. The space between two infinitely long coaxial cylinders of 
radii a and b respectively, is filled with liquid of density p, and the 
inner cylinder is suddenly moved with velocity U perpendicular to 
the axis, the outer one being kept at rest. Show that the resultant 
impulsive pressure on a length I of the inner cylinder is 


TrpaHU 




9. An elliptic cylindrical shell, the mass of which may be 
neglected, is filled with water, and placed on a horizontal plane 
very nearly in the position of unstable equilibrium with its axis 
horizontal, and then let go. When it passes through the position 
of stable equilibrium, find the angular velocity of the cylinder, (i) 
when the horizontal plane is perfectly smooth, (ii) when it is 
perfectly rough ; and prove that in these two cases, the squares of 
the angular velocities of the cylinder are in the ratio 

(a’* - by 4- 46^ (a^ + b^) : - by, 

2a and 2b being the axes of the cross section of the cylinder. 

10. A solid ellipsoid of density o- is placed inside a fixed con- 
centric, confocal, and similarly situated ellipsoidal shell, and the 
space between them is filled with liquid of density p. Supposing 
that the whole matter attracts according to the Newtonian law, 
and that <r > p, show that when the solid ellipsoid is slightly 
displaced parallel to its greatest axis, the time T of a. small 
oscillation is given by 


T^p (a- — p) A /27r = (T + p j 


2pabG 


abc (2 — A') -- ab'c (2 — A) ' 
where a, b, c and ct', 6', c are the semi-axes of the outer and inner 
ellipsoids, and 



abcdX 

\y (b^ + \) (c* + A)j^ 


11. The space between two coaxial cylinders is filled with 
liquid, and the outer is surrounded by liquid, extending to infinity, 
the whole being bounded by planes perpendicular to the axis. ’ If 
the inner cylinder be suddenly moved with given velocity, prove 
that the velocity of the outer cylinder to that of the inner will be 
in the ratio 

26Vp : pK6*-aV + 6^-ftV) + <7(a*-6*)(6*~c"), 

where a and b are the external and internal radii of the outer 
cylinder, a its density, c the radius of the inner cylinder and p the 
density of the liquid. 
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12. The ellipsoid {oc/af + {y/hy + (^/c)* = 1, is filled with liquid 
originally at rest, and rotates uniformly about an axis through its 
centre of inertia: prove that the surfaces of equal pressure are 
given by the equation 

where 

. _ (c® — a’) (3c® + a®) w/ (a® — 6®) (36® + a®) «o,® 

(c® + a®)® ‘(a® + 6Y ’ 

.,_6*c® + c®a® + a’6®-3a® 

(c® + a®)(a® + 6®) 

and Wg, ft)g are the component angular velocities of the ellipsoid. 

13. In the last example prove that if the ellipsoid be set in 
rotation and then left to itself, the components of the velocity of 
the liquid relatively to the ellipsoid are 

. __2a®6)g2/ 2aV/ 

'®“a® + 6®“a^*’ 

^ ~V‘ + c’‘~V‘'+a^’ 

^“c® + a®~c® + 6®’ 

and that if the ellipsoid revolves about a fixed axis after 
J / 2b^ Y / 2caa>, ^ / 2 a&ft >3 

\W+ cV V + aV W + 67 } 

revolutions of the ellipsoid, every particle of liquid will be in the 
same position relatively to the ellipsoid. 

14. A closed vessel filled with liquid of density p, is moved in 
any manner about a fixed point 0. If at any time the liquid 
were removed, and a pressure proportional to the velocity potential 
were applied at every point of the surface, the resultant couple 
due to the pressure would be of magnitude G, and its direction in 
a line OQ, Show that the kinetic energy of the liquid was pro- 
portional to lp(oO cos dj where © is the angular velocity of the 
surface, and d the angle between the direction of © and OQ, 

15. A solid cylinder of radius a immersed in an infinite liquid, 
is attached to an axis about which it can turn, whose distance 
from the axis of the cylinder is c, and oscillates under the action 
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of gravity. Prove that the length of the simple equivalent 
pendulum is 

1 (1 + p/a) 

c (1 - p/<t) ’ 

or and p being the densities of the cylinder and liquid. 

16. A light cylindrical shell whose cross section is an ellipse 
filled with water is placed at rest on a smooth horizontal plane in 
its position of unstable equilibrium. If it is slightly disturbed, 
prove that it will pass through its position of stable equilibrium 
with angular velocity cd, given by the equation 

17. A quantity of heavy heterogeneous liquid is placed inside 
an ellipsoid, which is then moved so that the density of the liquid 
is always the same function of the depth. Prove that a certain 
cone coaxial and concyclic with the reciprocal ellipsoid, moves so 
as always to have one of its generators vertical. 

18. Liquid of density p is contained between two confocal 
elliptic cylinders and two planes perpendicular to their axes. The 
lengths of the semi-axes of the inner and outer cylinders are 
c cosh a, c sinh a, c cosh c sinh 13 respectively. Prove that if the 
outer cylinder be made to rotate about its axis with angular 
velocity fl, the inner cylinder will begin to rotate with angular 
velocity 

£lp cosech 2 (^ — a) 
p coth 2 (^ — a) + sinli 4a ' 
where a is the density of the cylinder. 

19. A circular cylinder of mass M, whose centre of inertia is 
at a distance c from its axis, is projected in an infinite liquid under 
the action of gravity. Prove that the centre of inertia of the 
cylinder and the displaced liquid will describe a parabola, while 
the cylinder oscillates like a pendulum of length 

where M' is the mass of the liquid displaced, and k is the radius 
of gyration of the cylinder about its axis. 

20. The space between two coaxial similar and similarly 
situated elliptic cylinders is filled with liquid, and the cylinders 
are rotating with uniform angular velocity q>. Find what would 
be the new angular velocity if the liquid were suddenly solidified. 
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21. A hollow vessel of the form of an equilateral prism filled 
with liquid, is struck excentrically by a given blow in a plane 
perpendicular to the axis and bisecting three edges; find the 
initial motion of the vessel. 

22. A cylinder whose cross section is an ellipse is moving in 
an infinite liquid. Prove that when there is circulation round the 
cylinder, its equations of motion are 

^ (Pu cos 0 — Qv&in 6 + Kpy) = X, 

d 

{Pu sin 0 + Qvcos6- upx) = Y, 
G-^^,-{P-Q)uv = N, 

where {x, y) are the coordinates of the centre of the cross section, 
X, Y the components of the impressed forces parallel to fixed 
axes, N is the impressed couple about the axis of the cylinder, u, v 
are the component velocities of the cylinder parallel to the major 
and minor axes of its cross section, and 6 is the angle which the 
major axis makes with the axis of x, 

23. Provo that helicoidal steady motion is always possible 
when a planetary ellipsoid is moving in an infinite liquid ; but it 
is not possible in the case of an ovary ellipsoid, unless the ratio of 
the angular momentum of the ellipsoid about its polar axis, to its 
component velocity along this axis is greater than 2jRA (1 — RjP ) ; 
where R and P are the effective inertias of the ellipsoid about its 
polar axis, and an equatoreal axis and A is its effective moment of 
inertia about the latter axis, 

24. A solid of revolution of mass Jf, is rotating in any 
manner about its centre of inertia, in an infinite liquid. Prove 
that if it is allowed to descend under the action of gravity, its 
vertical velocity at time t will be equal to 

/Tiyf , cos®fl\ ^ 

where M is the mass of the liquid displaced; and 0 is the 
inclination of the axis of the solid to the vertical at time t. 

Obtain the differential equation for determining d0ldt. 



CHAPTER X. 


ON THE MOTION OF TWO CYLINDERS. 

207. We have shown in Chapter V. that, when two cylinders 
are moving in a liquid of density p, the kinetic energy of the 
whole motion is 

2r= (M+ P) {xe + t;*) + (il/' + Q) K® 4- v'") + 2i {uu' - vv\ 

where if, if' are the masses of the cylinders ; w, v, u\ v' their com- 
ponent velocities perpendicular to and along the line joining their 
centres. The values of the coefficients are given^ by equations (73) 
of § 123 or (74), (75) and (76) of § 124 ; and are functions of the 
distance between the cylinders alone. 

208. ^ Wc shall now apply these formulae to the consideration 
of the motion of a cylinder in a liquid bounded by a fixed plane, 
when there is no circulation*. 

When two equal cylinders are projected with equal velocities 
perpendicularly to the line joining their centres, it is clear that 
during the subsequent motion, the velocities of each cylinder 
perpendicular to this line will remain equal, and that their veloci- 
ties parallel to this line will be equal and opposite. Hence the 
plane which is perpendicular to this line and bisects it will be fixed 
in space, and there will be no flux across it. One of the cylinders 
may therefore be removed, and the above mentioned plane sub- 
stituted in its place ; we shall thus obtain the motion of a cylinder 
in a liquid which is bounded by a rigid plane. 

1 See Errata. 

3 Hicks, “ On the motion of two cylinders in a fluid,” Quart, Journ.f vol. xvi. 
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Let the axis of x lie in the plane, and be perpendicular to the 
axis of the cylinder ; the kinetic energy of the liquid will be ob- 
tained by putting a = ^, = n/? i u — u\v — —v'v[x equations 

(74), (75) and (76) of § 124 and halving the result. Hence if 
a be the density of the cylinder, and a its radius 

2T= {(P + i) + 7raV{ + 

^R(u^ + v^ ( 1 ), 


where ^ 




+ 7raV. 


J.V — #1 LI/ ^ ' (1 — 

If no external forces act upon the system, the energy, and also 
the momentum parallel to a?, are constant ; the latter condition gives 

, = const. = G, 
du 

or Ru = G (2). 

Since T and Q are both constant, the equations of motion may 
now be written 

Ru=^G\ ^ 

i2(w= + ir*) = 2rj ^ 

Differentiating with respect to t and remembering that JB is a 
function of y alone, we obtain 

• 1 dR> / « nv y . \ 


w- 

Now R is necessarily positive; also y = a cosh a = (1 + g)/?^ 

therefore R decreases as y increases ; hence dRjdy is negative, and 
therefore v has always the same sign as — u\ Let U be the 
resultant velocity, ^ the angle which its direction makes with the 
axis of V, then 

dR , . 

If therefore the direction of motion makes with the axis of y an 
angle lying between Jtt and |7r, the acceleration from the plane 
will be negative and the cylinder will be attracted towards the 
plane, but if this angle lies between 0 and \ir or f 7 r and tt, the 
acceleration will be positive, and the cylinder will be repelled from 
the plane. 

Also since w = GjR, and R decreases as y increases, u increases 
as the cylinder moves from the plane, and vice verscl. 

^ The value of P + L in terms of elliptic functions will be given in the Appendix. 
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If we put 

the component accelerations are 
^ = / sin 2(f}, 


2R dy ^ 


V = /cos 2<^. 


209. If the cylinder be initially in contact with the plane, 
and be projected perpendicularly from it, = 0, and 

e = 2TIR^v:BJR, 

where the suflGixes denote the initial values of the quantities. 

Since 2 = 0 when y = oo , the limiting value of R is ira^ {p + cr). 
When y = a, 2 = 1 ; order to find the value of R^, let q 1 — 
where A is a small quantity which ultimately vanishes : then 


RJira^ = p 


1 + 




+ (r 


= P (J7r“-l)+tr. 

Whence the ratio of the initial to the terminal velocity is 

/ Wp + (q- - p) 

{<r + p) 




210. When the direction of projection is not perpendicular to 
the plane, the direction of the velocity at any subsequent time is 
given by the equation 

cot (l) = v/a=± jRp — 1, 

where p = 2TjG^, and the upper or lower sign must be taken 
according as the initial value of is < or > \ir. Let cot be 
initially positive, so that the cylinder is projected from the plane, 
then since R diminishes to the limit ttci® {p + a) it follows that if 
TTO^p (p + (r)< 1, there will be some point which is determined by 
the equation Rp = 1, at which cot = 0, and where the cylinder will 
consequently be moving parallel to the plane. During the subse- 
quent motion cot will be negative, and the cylinder will approach 
the plane and R will increase. The quantity — 1 continually 
increases as R increases, and hence <f) will increase from ^tt and the 
cylinder will ultimately strike the plane. Hence the cylinder will 
or will not strike the plane according as ira^p (p + cr) < or > 1. 

If 7 ra®p (p + 0 -) = 1, and a be the initial value of 
cot a = V {RJira^ “■ P " ^)/(p + a ) ; 
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whence a cylinder projected at an angle > a will meet the plane at 
an angle 

tan‘^ + o- — p) — 1}» 

and a cylinder projected at an angle < a will move, when at an 
infinite distance from the plane in the direction 

cot”^ s/[Tro?p (p + O’) — 1}. 

If the direction of projection is equal to or, the cylinder when 
at an infinite distance will move parallel to the plane. 


211. Let one of the cylinders be fixed whilst the other moves 
independently. 

Let (r, 6) be polar coordinates of the centre of the moving 
cylinder referred to the centre of the fixed cylinder as origin ; if 
i2 = P + ilf; then 

2r = P(r^ + r"0"). 


Since R is independent of 6, we must have 

dT ^ , 

— = const. = hy 
dd 

or Rr^d = /t. 

d dT_dT_ 
dt dr dr 


Also since 

we obtain 


Let U be the resultant velocity, ^ the angle which its direction 
makes with the radius vector ; the radial acceleration 


dR ^ . 


Since R decreases as r increases dRjdr is negative ; hence the 
cylinder will be repelled when lies between 0 and \Tr or between 
f TT and TT ; and will be attracted if ^ lies between Jtt and ^Jtt. 


212. If the cylinders be initially in contact, and one of them be 
projected with velocity V along the line joining their centres, then 

r^^2TIR, r*==2TIR,. 

F*"" P “ JIf+P’ 


Therefore 
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If the cylinders are 
as before, that 

or 

whence 


equal it can be shown in a similar manner 

P, = Tra® (^TT* - 1) p, 

P„= TraV, 

r _ f l-rr^p + tr - p 

V V <^ + p ' ■ 


Cyclic Motion. 

213. Let us now consider the motion of two equal cylinders 
round which there is circulation in opposite directions, and which 
are initially projected with equal velocities parallel to Ox. 

Let A and B be the common inverse points of the two cylinders, 
a the radius of either of them, u, v and — v their velocities 
parallel and perpendicular to Oxy y the ordinate of the centre of 
the cylinder A ; also let the circulation round A be in the contrary 
directions of the hands of a watch. 

It is known from the theory of rectilinear vortices, which will 
be explained in Vol. II., that the cyclic motion is the same as 



would be produced by two rectilinear vortices of circulations k 
and — /c situated at A and B, hence with the notation of § 178, 
the value of x will be 


X 


K , AP K7) 


by § 121. 
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Also, if a be the value of 17 at the surface of the cylinder A, 
and AB = 2c, 

a = c cosech a, y = c coth a (5), 

and S («%) = K^ajir. 

Since this kind of cyclic motion could be produced by applying 
a uniform impulsive pressure Kp to every point of that portion of 
AB which lies between the cylinders, we must have = 0.. Let 
(r, ff) be the polar coordinates of P referred to 0, then 
K . 7*^ -I- — 2rc sin ^ ko . ^ « 

^ 4i7r ° r + c 4- 2rc sin 6 irr 

whence ^ = 0, 23 = - 

Therefore i = X + 2Kcpu — k^polI^tt 4 V 

Also if if, M* be the masses per unit of length of either of the 
cylinders, and of the liquid displaced, 

3; = P(m^4 A 


where = 

If we suppose the cylinder B to be replaced by the fixed plane 
Ox which forms the boundary of the liquid, the value of L must 
be halved, and the equations of motion of the cylinder A will be 



- d dX , dX dc /c* doL 



From (5) we obtain 

c = — a'^ and y==acosha, 


= coth a. 


therefore ^ = coth a, ~ > 

dy dy c 

whence (7) becomes 

- d dX - dX ^ TT /o\ 

+ <*>• 

Let us now suppose that gravity is the only force in action, and 
that the plane boundary Ox is horizontal, forming, so to speak, the 
bed of the ocean ; (6) and (8) respectively become 

Ru 4 fcpc = const. = A 'j 

Rv + i (y^ — — fcpu coth a 4 = — (if — if 0 j ^ ^ 
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These equations are satisfied by v = 0, u and y constant, pro- 
vided u satisfies the quadratic 

•pv? — Kpu coth a + + (M — If') = 0 (10), 

where jp = — \dRldy, The roots of this quadratic will be real 
provided coth* ® ‘ (1 !)• 

Case (i). Since p is positive the roots will always be real if 
if'>ilf 

and K^p < TTC {M' — M) g. 

In this case the liquid is denser than the cylinder, and one of 
the roots of (10) will be positive and the other negative, and the 
positive root will be numerically greater than the negative root. 
Hence there will be two cases of steady motion, in one of which 
velocity of the cylinder will be in the same direction as that of 
the liquid, due to the circulation at points between the cylinder 
and plane ; and in the other the velocity will be in the opposite 
direction ; also the velocity in the former case will be greater than 
in the latter. 

Case (ii). M > if, K^p > 47rc (if' - if) g. 

In this case the roots of (10) will be both real and positive 
provided (11) is satisfied; hence the velocity in the two cases of 
steady motion will be in the same direction as that due to the cir- 
culation. 

Case (iii). if > M\ 

In this case the cylinder is denser than the liquid, and the 
roots of (10), if real, must be both positive, hence the two 
velocities must be in the same direction as that due to the cir- 
culation. 

Case (iv). If either gr= 0 or if = if, (11) becomes 
irpc coth* a>p. 

Here both roots of (10) are positive, and the two velocities 
must be in the same direction as that due to the circulation. 

This case has been discussed by Mr W. M. Hicks ^ 


B. 


^ Quart. Journ. vol. xvii. p. 194. 


15 
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MOTION OS' TWO CYLINDERS. 


Case (v). Suppose that the cylinder is reduced to rest, and then 
let go. Since u and v are initially zero, the initial acceleration is 

^ ^ 

Hence if the liquid is denser than the cylinder it is possible 
for the right-hand side to vanish ; in. which case the cylinder will 
remain in equilibrium under the combined action of gravity 
and the pressure due to the cyclic motion. 

If the plane formed the upper boundary of the liquid the sign 
of g in these five cases would have to be reversed. 

215. The results of the last two cases may be inferred from 
general reasoning. 

We have shown in § 14, that the product of the velocity of a 
liquid and the cross section of a tube of flow, is constant through- 
out the length of the latter. Now in Case v. where the cylinder is 
at rest, the tubes of flow are circles, and those portions of them 
which lie between the cylinder and the plane will be more com- 
pressed than the portions which lie on the remote side of the 
cylinder ; hence the velocity of the liquid at points between the 
cylinder and the plane will be on the whole greater than at points 
which lie on the opposite side of the cylinder, and consequently 
the pressure on the side of the cylinder nearest the plane will be 
less than that on the remote side, and therefore the cylinder will 
be attracted towards the plane. If the cylinder is less dense than 
the liquid, and the plane forms the lower boundary of the liquid, 
the effect of gravity will be to repel it from the plane, and hence 
there must be a certain position in which the two forces balance 
one another, and in which the cylinder will be in equilibrium. 
If on the other hand the plane forms the upper boundary of the 
liquid, there will be a position of equilibrium, provided the 
cylinder is denser than the liquid. 

216. In Case iv. let the cylinder be moving with a small 
velocity u parallel to the plane, and in the same direction as that 
of the circulation between the cylinder and the plane. Let the 
cylinder be reduced to rest by impressing on the whole liquid a 
velocity u equal and opposite to that of the cylinder. At points 
between the cylinder and the plane, the reversed velocity u of the 
liquid and the velocity due to the circulation will be in opposite 
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directions, whilst at points on the other side of the cylinder they 
will be in the same direction. Also by § 14 each velocity will 
be on the whole greater at points between the cylinder and plane, 
than on the opposite side of the cylinder. Hence if u be small 
enough, the cylinder will be attracted towards the plane, and 
therefore if u increase from zero, a certain critical value will be 
reached, at which the cylinder is neither attracted nor repelled, 
but will be in equilibrium. In this case the resultant velocity at 
points between the cylinder and plane, will be in the opposite direc- 
tion to that on the other side of the cylinder. 

If u continue to increase, the cylinder will at first be repelled 
from the plane, but ultimately a second critical value will be 
reached, at which the resultant of and the velocity due to the 
circulation at points between the cylinder and the plane will on 
the average be equal to the same quantity on the opposite side of 
the cylinder, and there will be another position of equilibrium. In 
this case the resultant velocity of the liquid at points between the 
cylinder and the plane will be the same direction as that on the 
other side of the cylinder. 

If a exceeds this second critical value the cylinder will thence- 
forth be attracted. The two critical values of u are evidently the 
roots of the quadratic obtained by putting gr = 0 in (10). 


EXAMPLES. 


1. A cylinder of radius a is surrounded by a concentric 
cylinder of radius 6, and the intervening space is filled with 
liquid. The inner cylinder is moved with velocity u and the 
outer with velocity v along the same straight line ; prove that the 
velocity potential is 




~ a^u 


r cos 0 -f 


(v — u) cos 0 
— a’*) r 


2. A long cylinder of given radius is immersed in a mass of 
liquid bounded by a very large cylindrical envelope. If the 
envelope be suddenly moved in a direction perpendicular to the 
cylinder with velocity F, the cylinder will begin to move with 
velocity provided the density of the cylinder be three times 
that of the liquid. 


15—2 
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3. Two infinite parallel cylinders in an infinite liquid are 
projected with given velocity; (i) in opposite directions along a 
line at right angles to their axes, (ii) in the same direction per- 
pendicular to this line. Prove that they experience in the first 
instance a repulsion from one another, and in the second instance 
an attraction towards one another. 

If their radii are indefinitely small in comparison with one 
another, prove that their motion is initially the same as that of 
two rectilinear vortices of equal and opposite strengths. 

4. A solid cylinder with flat ends is fixed between two parallel 
planes, and a cylindrical shell of the same length can slide freely 
between the planes. If the space between the cylinder and shell 
is filled with liquid, and the shell is placed so as to be coaxial 
with the cylinder and then jerked in any direction with velocity 
V, prove that the resultant impulse on the cylinder is 

2MVb^ (a® - 6®), 

where a and b are the radii of the cylinder and shell, and M is the 
mass of the liquid which the cylinder displaces. 

6. The space between a moveable cylinder and a fixed excentrio 
cylinder is filled with liquid. If the moveable cylinder be initially 
projected with given velocity, perpendicular to the line joining its 
centre with that of the fixed cylindrical boundary, determine its 
motion, (i) when there is no circulation, (ii) when there is circu- 
lation. 

6. Examine the stability of the steady motion of a cylinder 
parallel to a fixed plane, discussed in § 214. 



CHAPTER XI 


ON THE MOTION OF TWO SPHERES'. 

217. When two spheres are in motion in an infinite liquid, 
the velocity of each sphere may be resolved into three components 
Wj, v^, where are the component velocities of 

the spheres along the line joining their centres ; and v^, 
are the component velocities parallel to two straight lines at right 
angles to one another, which are perpendicular to the line joining 
the centres of the two spheres. It would therefore at first sight 
appear, that the kinetic energy of the liquid must contain twenty- 
one terms, but it can easily be shown that twelve of these terms 
must vanish. For let us suppose that are each zero, 

and consider the term involving The kinetic energy on 

^ The present chapter has been taken from the following papers by Mr Hicks : 

“ On the Motion of Two Spheres in a Fluid,” PhiL Trans. 1880, p. 465. 

“ On the Problem of Two Pulsating Spheres in a Fluid,” Proc. Camb. Phil. Soc. 
vol. III. p. 277, and vol. iv. p. 29 ; 
and a paper by the author, 

“ On the Motion of Two Spheres in a Liquid and allied Problems,” Proc. Lond. 
Math. Soc, vol. xviii. p. 369. 

References may also be made to the following papers : 

Stokes. “ On some Cases of Fluid Motion,” Trans, Camb. Phil. Soc, vol. vni. 

p. 106. 

Bjerknes. Forhand. Skand. Natarfors, Christiania 1868, and For hand. Vidensk., 
Christiania 1871 and 1876. 

G. Forbes. “ Hydrodynamic analogies to Electricity and Magnetism,” Nature^ 
vol. XXIV. p. 360. 

Bertin. “Ph6nomSnes Hydrodynamiques inversement analogues h ceux de 
r&ectricitd et du Magn6tisme,” Ann. de Chimie et de Phys. (5) xxv. p. 257, 1882. 

Pearson. ” On the Motion of Spherical and Ellipsoidal bodies in Fluid Media,” 
Quart, Journ. vol. xx. p. 60. 

Herman. **On the Motion of Two Spheres in a Fluid and allied Problems,” 
Quart. Journ. vol. xxii. p. 204. 
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account of the symmetry of the motion, must clearly be unaltered 
if the direction of be reversed, and this requires that the 
coefficient of should be zero. By similar reasoning it can be 
shown that all the other coefficients must vanish, except those 
of w^y w^y u^u^y VjV^y w^w^\ and also that the co- 

efficients of v^y v^y must be respectively equal to those of 

W^y W^y 

Hence the kinetic energy of the system may be written 

T = ^ {Au^ - + Cu^) + ^ J.' + w^) 

+ E {v^v^ + + 4 O' {y^ + w^)y 

where the six coefficients are functions of the distance between 
the centres of the two spheres and their radii. 

The values of Ay B and 0 must be determined by supposing 
that the motion of the spheres is along the line joining their 
centres, and those of A'y B\ G by supposing that the motion is 
perpendicular to this line. 


Motion along the Line of Centres, 

218. Let A and B be the centres of the spheres, a and h their 
radii, c the distance between their centres. 



Let <f>^ be the velocity potential when A is moving with 
velocity along BA and B is at rest ; <f>^ the velocity potential 
when B is moving with velocity along the same direction and 
A is at rest. By § 162 the velocity potential of the whole motion 
is <f>^ + ^ 2 » kinetic energy of the liquid is 

-T„ + 22’„ + 2’„ 
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In order to find the value of we shall employ the method of 
images. 

If B were absent, the velocity potential due to the motion of 
A, would be the same as that of a positive doublet^ at A of 
strength whose axis coincides with BA, By § 53 the 

image of this in 5, is a negative doublet situated at the inverse 
point F, where BF , BA =6^ and whose strength is 
This latter doublet will have an image in A, and so on ad infi- 
nitum. Hence the kinetic energy of the liquid due to the motion 
of the sphere A, will be the same as that due to two infinite 
systems of doublets, both of which lie respectively within each 
sphere. 


219. Let be the distance of the nth image in A from A, 
its strength ; and let be the distance of the nth image in B 
from A^ its strength. The part of due to will be 


(a co s 0 + p J sin d cos 0 dO 
^0 (a® + + 2a/), ^ cos Of 


But 


= 7rpa\p^ 



_ (/? n + 

(a* + p,* + 2ap,a:)* 


(r + aos) xdx _ ^ f ^ 

-1 (a* + + 2arxf J -i (a® + r® + 2arx)^ 


± (a — r) (a® + n® + ar)}. 
When r=p^<a, the integral is equal to 


d 2r 

2 

(2). 

dr 3a® 

3a® 

But when r = <r„ > a, it equals 

d 2a 

4a 

( 3 ). 

dr 3r® 

Sr’ 


Therefore T,, = ^■7rpu^%’^ fi„ - f wpaXS," 
N ow M-o-i » /*n = ~ a\a'~\ 


^ A doublet is considered positive when its source end is at the positive 
extremity of its axis. If m be its strength, its velocity potential is cos $, 
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Hence if be the mass of the liquid displaced by the 
sphere A, 

^u = i^A*(l + 32r^) (4). 

This is the kinetic energy due to the surface integral of 
motion over itself. 


Again, 

Vn = -b’‘fi„J(c-p^y, p„==ay<r„, c - >T^=by{c - p„_,)...(5), 
whence a = 

{(0 - P„.,) (f-p3 (0 - p,) c} 

Eliminating from (5) we obtain 

CpnPn-t - Pn “ « V «-1 + <*' 0=0 ( 7 ). 


220. The formulae of the preceding section enable us to 
obtain an approximate value of as far as without much 
difficulty, but in order to obtain the complete solution we must 
solve (7). To do this, put + w, and choose x so as to make 

the constant term vanish, and we obtain 

cic* - (a® -f c* — 6®) 0? + = 0 (8). 

Let F, be the common inverse points of the two spheres, 0 
the middle point of FF^ ; also let FF^ = 2X, OA = OB = r*, then 


therefore 

also 

therefore 


r*! = (a® + c* — 6^/2c 


(9). 


Let P be any point on the sphere A, and let the constant 
ratio PjP/PP be denoted by and let be the similar constant 
for the sphere B, Then since the triangles PF^A and FPA are 
similar, 

q^ = F^la = {r^-\-X)la = al{r^-\), 

?, = 6/(r, + \) = (r,-X)/6, 
and (8) becomes 

a;® ~ 2r,a: + o® = 0, 
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the roots of which are a;, = r, + X, », = rj — A, Putting /£>„ = «„ + 
equation (7) may now be written 

- K - «Vc) «, + (^1 - «Vc) = 0. 

Now a’ = ojjiPg, whence, writing for u„, we obtain 

(c — jg,) _ c 
a:, (c - a?,) “ a;, (c - ar,) ' 


In this equation 


c - a; r j 

a;, r, 4- X _ 


^2 r, - X 


= 91 


^,(c-a?2) (r, + X)(r, + X)' 

Whence putting q = we obtain 

a _ c 

?*’« (^^ + X)(r,+X)’ 

the solution of which is 

hence 

But p = 0 when w = 0, therefore 




therefore 

Also 

therefore 

therefore 


1 

2X r, + X 2X (r^ + X) 2Xg^“ 
2X 

P- - 1 - -» 

_ ^ M 1-9*" 

c- Pn = r^+r^-r^-f^ + 2X/(1 - 


= 9(l-9*"~*9i'*) ^ 9P«-i 
Pn 


1 — “ 


Pn-lPn~9' * ’ 

—Pol 

i PnPn-V' 

■••Pi j 

:(i-9.-‘)9") 

8 

il-j-9-J 



(say); 


Mo 
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If therefore we put 

= a -.)■ (10). 

we obtain T,, = {1 + 3Q {qf\ g)} (11). 

Similarly if the sphere B were moving with velocity along 
BA whilst A is fixed, it can be shown that 

{1 + 3Q ?)} (12). 

221. We must now calculate the quantity T,, which is the 
surface integral of ffs motion taken over A, and which by Green’s 
theorem is equal to the surface integral of .4’s motion taken over 
B. We thus obtain, 

^ = — trpa^u^j^ ij>^ sin 0 cos Odd. 

Let pj denote the distance from A of the nth image of B 
in A, /*,' its strength ; also let tr„' denote the distance of the nth 
image in B from A, v„' its strength ; then remembering that the 
original doublet is in B, we obtain 

Cl. /*,' = - («/c)’ = - Wb’‘c -\ . . .(13). 

Hence 

^12 = - ( Jv,) + § 7 r/JM, 

= 27rpM, 2, = - TTpw.M, Sr (14). 

Also 

p,' = a*/c, O-/ = 67(c - p,'), P,' = a7(c - o-/) (15), 

whence, proceeding as before, it will be found that 



and it can be shown as before that 

p:^aq,+ (E^--l\-^y. 
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Whence, determining E by the condition that = a*/c, we 
shall find 

Pn = - 2X (1 - ?=")•* = {r, - \) , 

c-o' -(r 

1-9”* 


Therefore 




' (l-9^)9"~‘ ' 
I 1-9” , 



Now from (9) we obtain 


therefore 


5-(r, + X)(r.+X)' 

2\c _2 Xc 7 


If therefore we put 

Q.(9)=2r 

we obtain 



9’„ = -7rpM,tt,Q,(3) 


(17) , 

(18) . 


Hence, if m,^ be the masses of the two spheres, the kinetic 
energy of the whole motion when the spheres are moving along 
the line joining their centres is 

J + (70 (19), 


where 


^ = m, + Jilf, {1 + 3Q {q;\ 9)1 
C = m, + {1 + 3Q (gr,, 9)} 

B = 27rpMjM, Qj (9) 


( 20 ). 


The three coefficients A, B, G can be shown to diminish as the 
distance between the spheres increases ; for when c and therefore 
\ is large, 

q^ = {r^+\)la=2\la, 

9» = ^/(^> + ^) = ^/2>'', 

9 =abl4i\^, 

ultimately, and therefore A, B, and G diminish as c increases 
Also, since T is essentially a positive quantity, AG > 
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222. The general formulae (20) are too complicated to be of 
much use, we shall therefore obtain approximate values oi A, B 
and (7 as far as c”’*. 


From (5) and (6) we obtain 

p, = a’c/(c*-6*), 

£=C€-(A)‘ 


whence 


also from (G) 
From (7) 
therefore 

whence 




few. 


(a'‘c(c-p,)J ■ 

Pi ioPt - c’ + 6*) = - a’ (c - p^), 
Pa _ g* _ a*(c*-y) 


c-p, c‘-b‘-cp, (c^-fty-aV’ 

M,_[ «°fe“ 

Mo" l(c“-fey-< 


2 2 
-ac 


.( 22 ). 


The last expression varies as c”^*, whence expanding the values 
of fiJfiQ, powers of c“\ and neglecting higher powers than 

c“‘*, we obtain 

, , „ 3a^6^ 36* 66* . 116*0 

and the value of G can be obtained by interchanging a and 6. 

To determine B to the same order, we obtain from (16) 

M/"t«(c-p/)j "(c”-g*-fey 

whence B = ^^^ \l ^ 


c““ are 


Collecting our results, the values of A, B and (7 as far as 

. ^ 1 w ^ 3aW /, ^ 36* ^ 66* ^ 116“\) ) 

n , ITU U ^ 3®’fe’ ft ^ 

0 = », + i Jf, + -jr (1 + -j- + -jr + -jr )} I 

„_27rpa*6»fa . a*6’ , 3a*6* (a* + 6*)) 

^ “ cT I c* c* J 


>...( 24 ). 
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Motion perpendicular to the Line of Centres, 


223. When the spheres are moving perpendicularly to the line 
joining their centres, the kinetic energy may be determined by 
the method of images without much difficulty, provided we 
neglect powers of higher than the eighth ; but if it is desired to 
carry the approximation to a higher degree, the successive images 
become exceedingly complicated, and it is better to employ a 
different method, which will be explained later on. 


224. Let be the velocities of A and B perpendicular 
to AB, If B were absent the velocity potential due to A*8 motion 
would be the same as that due to a positive doublet at -d, of strength 
whose axis is perpendicular to A B, By § 54 the image 
of this in B, is a positive doublet of strength situated 

at the inverse point F, together with a negative line doublet 
extending from F to J?, whose strength at any point P is 
^^v^ctBPjhc per unit of length. Hence the successive images 
consist of a series of single doublets and line doublets, and 
evidently become exceedingly complicated. 

Let X angle which any plane through AB makes with 

the direction of motion of the spheres, r the distance of any 
doublet element from A, fi its strength. The kinetic energy will 
be given by an expression of the same form as (1), whence 
the part of depending on will be 



v^pa^fi sin® 6 qo^^x^^^X 
(y + a® -F 2ar cos 6)^ 



sin® 6d6 

(r® + + 2ar cos 


The value of this integral is 


{r + a + (r - a)| -3^ 10' + »)“ + (^ “ a)’)* 


in which the upper or lower sign is to be taken according as 
r > or < a. Hence the value of the integral is 

|a“®, a >r\ and ^r“®, r >a 

and therefore the part of depending on is or 

irrpixvfl^jr^y according as r< or > a. 
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Let V and <r be the strengths and distances from A, of the 
doublets within B due to A*s motion, and fi the strengths of the 
doublets within A. Then 


^ii = S (m + 





Now every v produces in A an image consisting of a doublet 
of strength va^/a^ at a distance from the centre of Ay together 
with a negative line doublet extending from the doublet image to 
the centre of Ay and whose line strength at a point whose distance 
from A is a?, is - vxjacr. Hence the whole amount of the image 
is 


V 



Also every fi except forms part of an image of some 
particular i;, hence 





Therefore 


2a® 


(Mo + 3/^) 


= + (25). 


225. In order to find the term involving we must find 
the portion of the kinetic energy due to jB s motion over A and 
double the result. 


Since the original doublet is in B, every v except Vq forms part 
of an image of some fi, whence if the accented letters refer to 
the images of -B’s motion 




hence 


00 

= 27rpv^ Sj p! 



''0 


( 26 ), 
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and we therefore obtain 



T=i (A\* + 2J5'd,v, + O' v’), 



where 







(27). 






226. We shall now calculate the values of the coefficients 
when all the images are omitted except v^y 

The image of -4 in jB consists of a doublet of strength at 

Fy together with a negative line doublet from F io B oi strength 
— fiQx/bc per unit of length ; also BF = h^/Cy AF=(c^ — b^)/c. 

The image in A of the doublet at F is a doublet at a point F' 
whose strength is 

fi,aV . 

eA:r~{c^-by ^ 


where AF = a’c/(c'‘ — V), together with a negative line doublet 
from F' to A whose whole amount is 


y^y = 

c» j, aAF 2(d‘-by 


(29). 


In order to find the whole amount of the image of the line 
doublet between B and F, let P be any point in BF, Q a point on 
AF' such that AP , AQ = also let BP = Xy AQ = y ; then 
y {c —x) = a®. The doublet element — jju^xdxlbc at P, produces a 
doublet element — fi^xa^dxjbo (c — xY at Q, together with a line 
doublet from Q io A whose whole amount is 

gg 

fiQxdx ydy _ fi^a^xdx 

be J ^ a(C’-x) 26c (c — xY * 

Therefore the whole amount of the line doublet is 


iJodx 

2bcJ, {c-a;f 4c*(c“-6y 

(30), 

adding (28), (29) and (30) we obtain 


2c»(c“-6’/J 

(31). 

Aga,„ 

(32). 
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whence substituting from (31) and (32) in (27), we obtain 

C'=».+W + ...(83). 

jj, _ irpaV 1 

The second ratio is of the order and the next term in 
jB' is of the order c^. Hence (33) gives the correct values of A' 
and O' as far as c““ and the expression for the kinetic energy 
derived from (33) is correct as far as c“®. 

227. We shall now explain a different method for obtaining 
approximate values of the coefl6icients\ The approximation is 
carried as far as c"*^, but it could without much additional labour 
be carried to a higher order if desired. 

It will first be necessary to establish the following proposition. 





In the figure, let PM^nr, AM — z, BM^z y AB = Cy cos0 = fi, 
cos 6' = ; also let (/i) be an associated function of degree n 

and order m, whose origin is A, and axis is AM \ and let 
denote a similar function having the same axis and whose origin is 
B, Then we shall prove that, when r < c, 

•PT ^ r*" \{n + m)\py„ (?i4- m 4- 1)! r 

L 2m! (2m + 1)1 c 

(r-y(n + m + s )\ /r\’„ 

(2m + s)! U/ 

and when r' < c, 



+ m)! (n + m + 1) ! r' „„ 
r"« (n-m)!c“^“^‘ L 2m! (2m + 1)!' c 


(w + m + a)! 
(2m + «)i 



+ 



.( 35 ). 


^ Proc, Lond, Math, Soc, vol. xvin. p. 371. 
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It is known that can be expressed in either of the forms* 

M{1 - /**)»"• f {/* + v/jtt'-l cos (^)]”-” sin*” <f)d<}>, 

J 0 

M(i- M*)*” r 


where 

Therefore 


ilf = 


(n^m ) ! 


(n — m) ! 1.3... (2m — 1) tt * 


r'"*^ j a + *«■ cos 6)' 


= ilf - bt’ 


(^' 4- cos 

sin*'” <l>d<f> 


‘T — 

i 0 [c + »” 


|n+m+l 
*m . 


1/t + Ja** — 1 cos <^}] 


n+m+1 * 


whence, if \ = /4 + — 1 cos <f>, and r < c, 

P'”(/*') _ -3^®“ f” fi I I 1 \ , («+’■'» + 1)(” + «» + 2) /r\\* 

(^y+ ...} sin*”<^d,^ ; 


Si 


whence, by the first form of P^, we obtain 


jp/t) 


(n - m) ! c" 


[■(n^+m)! p„ 
!_■ 2m! " 


(» + 7?i4-l)!r p„ 

(2m + J)l c 




(2m 4 .y 

In order to obtain the second equation, change 0 and 0' 

into their supplements ; then, since 

P’: fees (tt - 0)1 = (-)*■"' (cos 0), 

we obtain 

pm ^ r^„ ^ ^ w + 1) I 

r’'*^ 2»n! c 

4. (!L+_!'L_+ P"» 4. 1 

(2m + 6f)! \cJ -"J • 

The corresponding formulae when r > c or r > c could be easily 
obtained, but they are not required for the present investigation. 

1 These formulae will be proved in the second volume. See also Heine, Kuge- 
functionen, ch. iv. : Mess. Math., vol. xiii., p. 147. 

B. 


16 
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228. Let be the velocity potential of the liquid when A is 
moving with velocity whilst B is kept at rest, and let (f>^ be the 
velocity potential when B is in motion and A is fixed. Then if (f> 
be the velocity potential of the whole motion, 

+ (36). 

The problem is therefore reduced to the determination of 
for when this is known, <f)^ can be written down by symmetry. 

Let X be the angle which a plane through AB and any point P 
makes with the plane through AB which contains the directions 
of motion of A and B ; also let QJ be written for PJ and PV* 
Then, in the neighbourhood of A, (jy^ must be expressible in the 
form of the series 


4>i = + + Is) Qt + A Ip) + ...| cosx (37), 

for this value of satisfies the surface condition 

In the neighbourhood of B, (fy^ must be expressible in the 
form 

- {b, {r- * Q: + B, (/■ + e,' + ...|cos X (38), 

for the value of satisfies the surface condition 




iA] - 

dr'Jr 


0 . 


The series consisting of powers of r”* and are convergent at 
all points outside the two spheres, but the series consisting of 
powers of r and r will be divergent if r and r' be sufficiently 
great ; but we shall only require these latter series in the neigh- 
bourhood of the two spheres where they are convergent. 

The kinetic energy consists of a series of terms of the form 

J cos® X = 7ra\J (1 — dfi 

\ f 

-1 


= 27ra*' 
4i7ra^v, 


Kn=l). 


.(39X 


= 0 (n any other value). 
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Hence the terms involving Q^, &c. contribute nothing to the 
energy, and we may therefore, in writing down the final value of 
reject all terms except those involving or Q/. 


229. Dropping the factor coax present, we should 

have, if B were absent. 




2r* • 


Putting m — = l in (35), the value of this near B is 

From (38) it follows that, in order to make the velocity at B 
vanish, we must add the series 


■ 2c* V2r'* 3c/*“*' 4cV‘ FcV* ' 




Transforming this latter series back again to A by (34), and 
retaining the important terms only, the value of near A becomes 

*P> 2r^ c® V4 c® 4c'‘ c® / ^ 4c’ 

In order to satisfy the surface condition at A, add the terms 
«,a®5’ /I . 6“ , 96® , 46®^ Q.a' , «;,a®6®Q, 

” ■ U'^'c’ ■ - ' - + - - ■ 


■'■4c*''' c*; 2^ 


6c’»-® 


Neglecting powers of c"* higher than the twelfth, the value of 
these added terms near B is 


n . 6 ’ 

2c* 




Adding the terms 


t),ft®6® /I , ^ ^ 

■ 4'c® U'^c*'^c* 


<?.'6» 


(40), 


omitting Q,', &c., and restoring cos;;^, the value of the velocity 
potential near B becomes 

^ ®.a* L , a®6» , a’6® (a® + 6’)) / - ^ ^ ^ 

The first term of (40) on transformation becomes 


16—2 
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whence the value of near A is 

, v.a'Q, v.aWfl , 6* . 96^ . (a" + 646*) 6’) 

^14 + 35 + 4^4+ 16? J 

X (»* + ^)<2.cosx (42). 

The values of (f>^ at A and B can be written down by symmetry; 
whence, if T be the kinetic energy of the system 

2T==A\^ + 2B\v^ + GW 

where 

. , r. . 3«'6> (1 .b\ 9b* , &*(«»+ 646»)) I 

= |_1 + + -, + i-^^l J 


0'=m,+ 


hM, 1 + ' 


3a‘'6* fl ^ a* 9a* ^ a°(6» + 64a») 


4 + ? + ^*+' 


16c“ 




an 


..(43), 


___ wpo^lf L ^ a*6 VL±i!> 

c® I 4c® c® 

where are the masses of the spheres A and J5; 

those of the liquid displaced by them, and p is the density of the 

liquid. 

The values of A', B\ G' have been calculated by Mr Herman 
as far as c“^®. 


230. We shall now apply the preceding results to obtain the 
solution of some problems. 

If a sphere is projected in a liquid which is bounded by a fixed 
plane, we must put a = 6, u^ — — u^ = u,v^ = v^ = v; then 

2T={A B) + {A' + B^)v\ 

and, if higher powers than c"® be neglected, we obtain from (24) 
and (43) 

A+B = m + iM(l+^ + ^^i 


4' + ir.»+jjf(n.g + g) 


( 44 ), 
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where is the distance of the sphere from the plane. Lagrange’s 
equation 

dt du dc 

gives • (A + F)u = v‘^^{A' + F)-u‘^{A+B). 


Also, since the momentum parallel to the plane is constant 
(A' + B') const. = 0, 

Let V be the resultant velocity of the sphere, 0 the angle which 
its direction makes with the normal to the plane, then 


(A + B)u^V^ |sin= 0^^(A' + F)- cos* d (A + B)^ 
9i/F*a*f/ 2a\ ■ t A 


If, therefore. 


tan 


/ 2 (c^ + 2a^) , 




c® + a* ’ 


it follows that, whenever the direction of motion makes with the 
normal to the plane an angle which is < a or > tt ~ a, the sphere 
will be repelled from the plane ; but, whenever this angle lies be- 
tween a and tt — a, the sphere will be attracted. Also, since B 
increases as c diminishes, the velocity parallel to the plane will be 
accelerated when the direction of motion lies between a and tt — a ; 
and retarded when this direction makes with the normal an angle 
< a or > TT — a. If, therefore, the sphere be projected parallel to 
the plane, it will ultimately strike it. 

We have shown in § 208 that in the case of a cylinder a = Jtt, 
hence in the case of a sphere a > The discussion of the sub- 
sequent motion of a sphere projected in any given direction in a 
liquid bounded by a fixed plane, can be carried on in the same 
manner as in the corresponding case of a cylinder, but it must be 
recollected that the preceding values of the coefficients may not 
give correct results if the sphere gets too close to the plane. 


231. Let Xy Y be the forces upon the sphere, arising from 
the pressure of the liquid, then 


X 


= mil = m |i 


^ iA {A + B)[ . /(A +B). 


d 


Y = mv = — 2muv ^ {A' + F) . I{A' + F). 
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From (44) we obtain 

d 
do 


/ A I T>\ /, 2a’\ 

I 


whence neglecting higher powers than c“^ we obtain 

9ifma® f 5 , 2 , (4//1 — if) + 

(2m + ifY? r 


x= 

F= 


(2m + if) c* 

^Mniuvci? 
(2m + i/) c* 


1 + 


(2m + if) ( 

(4m — if ) a® ) 

2 (2m + i^) c®j * 


232. Let us now suppose that the sphere ^ is a pendulum 
performing small oscillations along AB about its mean position, 
whilst the sphere B is free to move. 


Let A be the mean position oi A, B the initial position of B : 
A\ B' their displaced positions, and let A A' = x, BE = y, AB = c ; 
A'E =p. Then p = c^x — y and if — px is the force required to 
maintain the oscillation of A, the equations of motion are 


A D'** / • * 1 -ax -.2 1 ‘2 , A 


dA' 


,dB' 


G'y - Blc + ^ - (if - ^y) ^ = 0, 


dC 

dp^'^ 

where the accents denote the values of .4, 5, (7 at time t 


To obtain a first approximation, neglect squares and products 
of small quantities, and we find 

(4 (7 — 5®) ^ + pGx = 0, 

Cy — Bx^ 0. 

If therefore the sphere 4 is initially displaced to a distance 
x^ and then let go, the integrals are 

x=Xq cos kt, 
y=-^'‘{coskt-\), 

where = fiCI(AG — E). 

Since y is negative and increases numerically so long as x lies 
between and — x^^ it follows that to a first approximation B 
is repelled from 4 so long as 4 is moving away from its initial 
position A\ and attracted when 4 is returning to 4'. 
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233. In order to obtain a second approximation, we must 
take into account the squares of small quantities. Let 

y = (cos 


where z is at least of the order Then 
(B 


2 ) = c - — l) cos 

J A 

A' = A+{x-y)Y^iic. 
Therefore B’s equation of motion becomes 

^ + y)^-^-^ cos U 


+ 1 5 + (a; - y) xj^ cos kt - x^F ( i sin* kt 

,/ff B\dG 
V20* ■ 




Cj dc 


sin** kt = 0. 


Neglecting cubes of small quantities, this equation may be 
written 


Gz=f-¥L cos kt + M cos 2kt, 


where 


^ ^ ^dG\ 
4 \dc c dc~^ dc) 


k\^ d 
4} dc 





If we only take into account the first terms in A and B, which 
is equivalent to neglecting the twelfth and higher powers of c"^, 
we obtain from (4) and (21) 


A + 


2/^0 


therefore 


= mj + i Jfj + 


27rpa®6® 


dA _ 127rpaWc 
dc ^ 


therefore 


QirpW 

C ‘"(2(7+p)c«’ 

d oiSirp^a^b^ 

dc G (2<r -f p) c’ ' 
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where <t is the density of the sphere B ; whence 

c 3p 






W-hJ {2a^p)c^[ 

The term / indicates that the sphere B, in addition to its 
vibratory motion, will be attracted towards or repelled from the 
sphere A, according as f is positive or negative. Hence there 
will be repulsion when 

3p . c" 


2(7 + p ^ (c® 


by 


i.e. when 


c > ■ 


{l-4/H2<r/p + l)}i’ 

which can only happen when a < p ov the density of the sphere B 
is less than that of the liquid. 

If therefore the sphere B is denser than the liquid it will in 
general be attracted, but if the density of the sphere is less than 
that of the liquid there will be a critical point, beyond which 
there will be repulsion, and within which there will be attraction, 
this critical distance is given by 

b 

Since this result has been obtained on this assumption that c 
is so large compared with a and 6, that powers of c‘^ above the 
twelfth may be neglected, it fails to give a correct result if with a 
given density, c comes out nearly equal to b. If a-/ p= 9 then 
c = 7*6486. 

This theorem is due to Sir W. Thomson ; the preceding 
demonstration is due to Mr Hicks. 


On the Pulsations of Two Spheres, 

234. The term pulsation is applied to denote a periodic 
change of volume ; and the problem which we shall now investi- 
gate is the following : — Let there be two spheres in a liquid, whose 
centres are fixed, and which are composed of some elastic material 
such as india rubber ; let each sphere be compressed or expanded 
into a concentric sphere and then let go ; it is required to deter- 
mine the motion. 
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If fcbe spheres were composed of some highly elastic material, 
the inequality of the pressure of the liquid upon their surfaces 
would produce a deformation which would cause their surfaces to 
cease to he spherical ; *we shall therefore suppose the rigidity of 
the spheres to be sufficiently great to render such deformations 
inappreciable. 

235. If be the velocity potential of the liquid when the 
sphere A pulsates, and B does not ; and be the similar quantity 
when A and B are interchanged, 

Let a and h be the radii of the spheres A and JS, c the distance 
between their centres. If B were absent the value of would be 
— a?djr, for this value of satisfies the boundary condition 
d(f>Jdr = d. This is the velocity potential due to a source of 
strength d^d situated at the centre of Ay and by § 52 the image of 
this in B will be a source of strength a%d/c at the inverse point P, 
together with a line sink extending from the inverse point to 
the centre of B, of strength a^d/b per unit of length. Putting 
m = a%dfcy f = h^jc, the strength of the source at P is m, and that 
of the line sink from P to P is — mjf per unit of length ; and by 
§ 55 the image of these in A is an arrangement of the same kind. 
Hence and will be the velocity potentials of two infinite 
systems of sources and line sinks, which respectively lie within 
each of the spheres. 

236. Taking the density of the liquid as unity, let be the 
resultant of the pressure of the liquid on B towards A, then 

= I + i sin 20 d0, 

J 0 

where V is the velocity of the liquid at the surface of P ; let 

F = j <f> sin 20d0y 

Jo 

Q = j <f>^siu20d0, 

J 0 

I ^ sin 29 = P. 

/ A 


Then 
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In order to find the portion of which depends upon F’, let 
V = Fb, then F“ = + (d^lbdOy ; and since v is constant over 

the surface of B, the portion of depending upon it is zero, 
whence, denoting the portion of the pressure depending upon F* 
by I, we have 

I = |7r6* J' F* sin ^ddO = Jtt j" sin 20d0 

= -47r ly (^ + 2,/>ym20d0-i^m. 


By Laplace’s equation 






dr 


d^4> 

dr^ 


+ cot 0 


d(f> 

d9 


in which r is to be put equal to h after the differentiations have 
been performed. Hence d^jdr = v/b^, so that 


/ = iw Jo 0 |(y + 5* ^ - 2^) sin 20 + 2 cos’ 0^^d0- iir [•!>% 
But 

2 J' cos’0 <p^d0^p<f>^ sin 20d0 + [<f>X = Q+ [<!>% 

and 

/' ^ sin 20d0 = J 0 (i sin 20d0 = i • • • (45) 

whence / = j7r^y + 

and P.= ^(&’P + |P-iQ + F5) (46) 

when r = b. 


237. Let P, be the part of P due to <f>^, then if be the 
strength of any image whose distance from B is r, the portion of 
P, due to this is 


- 2 


/' 

o 


sin 0 cos 0d0 
{V^ + r* — 2br cos 0)^ 


which is equal to 


4/*,5 

3r’ 


r > 6 ; and — 


4/*„r 

36’ 


r < 


6 . 
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Hence if be the strength of the nth source image in A from 
A, and p'^ that of the other extremity of the line sink image ; the 
part of P, due to /*„ is 

Y - I 4 


3(c-p..)‘(c-p'J 


,(47). 


Let denote the strength of the nth image in B, o-^, the 
distances of its extremities from B\ then the part of Pj due to is 


Y > - I 4 r* 


W 


.(48). 


Now 


therefore 


V. — 


c-p. 


> O'n = ' ~ 
C-Pn 


o-p« 


Y ' - _ - (P« ~ P'«) 

“ 3(c-p/(c-p'J 


.(49). 


Adding (47) and (49) and summing for all integral values of n 
from 00 to 0, we obtain 


P, = - 2S" P'-L (50). 

' * (c-p»)'(c-p„) 


238. In order to find the portion of P due to <f>^y we must 
remember that the original source is now in B. Let o-^, denote 
the distances of the extremities of the nth image in B from P, due 
to (^> 2 , then expressing /i„, p\ in terms of z/^, <7„, we shall 
obtain 






XT^riPP P — 2 "^* (Pn P n) __ (^n ^ n) ('51 

Hence P -- - 2^, ^ 2^, . . .(51), 


where p'^ refer to the images of A*s motion, and i/„, <r„, cr'^ 

to those of P’s motion. 
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By direct calculation we easily find 

Po = 0. p'o = 


Pj ~ C* - 6* ’ 


Pi = 


_ , _ a’ (c* — a’) 

“ (c* - 6*)* - oV ’ ^ - c(c*-a*-6“) 

also if be the mass of the liquid displaced by J., 


...(• 52 ), 


A‘o = ®® = 


m. 




47^’ 47r(c*-6‘)’ 4'7r{(c’‘-P)“-aV} 


aWm, 


...(.53). 


The z/’s and <r’s can be obtained by symmetrically interchanging 
a and h and putting for If we write for the two 

series in the right-hand side of (61), we shall find that 

-fih 


M. 


{<? - a“) (c’ -a?- bj 
a»6* 


+ ... 


and 


{(c“ - ay - 6V} {(c= - bj - 2aV + (a’ + 6^)}' 

w - T— i— 

Wc L(c’-a“)° 

aW 

(o’ - a' - 60 l(t^ - ay - b'cf 
P^-2{M, + N,) 


.(54), 


■•(55), 

..(56). 


From the above formulae it appears that is of the order c 


and iVj of the order c” 


239. The value of the portion of which depends on the 
square of the velocity is more difficult to obtain, and we shall 
content ourselves with obtaining an approximate value as far as 
the term c"^ 

Let us now put u = o?d, v = b% and let denote zonal har- 
monics when the origin is at A and axis BA, and P'^ similar 
quantities when the origin is at B. 

Near the surface of B 




<#>i = 1^” + "Ijn+ij + const., 

and ^2 ” ^ ^ const. 
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Dropping the accents for the present and writing for the 
coefficient of in the value of <^, we obtain 

Q = 2 f 

-1 

Since is unchanged when —fju is written for fi, 


Hence 


(2 = 4SO„(7„ 


the summation extending to all positive integral values of m, n 
except m = n. Let 

f Pn.Pndf^- 

J fA 

Then f [ PJ\dfi+{ ^diM 

*' -1 *' -1 *' -1 

= J ^dfi. 

Now (Ferrers’ Spherical Harmonics, § 24), 

= 


{m — n) (m + w + l) 


Hence 


[ ^ <^dfi 
^ -1 


n + 1 ) p /p _ p \ 

2/1 + 1 ^ 

(T/ /' + 1 ) p /p __ p v) 

2m +1 n m+l j * 


vanishes unless ?/? = ti + 1 or /i — 1 and its values 


in the two cases are 


il“ + 1) and 


2»n 


(2to+ 1) (2m + 3) (2m- 1) (2m + 1) ■ 

240. Putting m = 0, r' = P in (34) and (35) we obtain 

,«+S " i ” 


P’n _ Po (w + 1) pp- , (n + 1) (n + 2) py 




2! 


(-rP„ ^ P'„ ^ (n + l)P/P (n + l)(a + 2)P ,P’ 


r»+‘ “ c"-’-* c"^’ 21c’* 

Now if P were absent, the value of would be 


...( 57 ). 
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The value of this near B is 


In order to make the velocity at the surface of B vanish, we 
must add the series 


2P;6“ , 3P;6* 

c’ \2B?'^ 3cP’ 4c’'P‘ 


& ^ 


Transforming each term of the last series by means of (57), the 
value of near A becomes 

. u ub^ ( ^ P,r ) 


M M/ LVUr I T% A I 

Adding the proper series, the value of (f>^ near A becomes 
. u uh^ uh^ f . a®\ ^ . 


u ub^ ubW a^\ ^ 


The added term produces at JS a constant term of the order 
c~\ which contributes nothing to the pressure, hence the value of 
near B is 




^ + + (**)• 


Changing into - P/, it follows from (58) that the value of 
near B is 

w. 

whence the value of <f) near B is 


V u va fu va 
R^c^2c* 


Putting in this B = b, we obtain 


p/-j(^p»+ 


^)p 
3PV * 

— &c. 


V u va^ 36 fu , va\ „ , 5w6* „ , 


C/ Uf VKAj KJM I W \ TJ f / 

, 2« 9fu w’Xp, 10 m 

= - F " 6 1? + j ~ • 

Therefore ^ ~ ^ 

. /mv m* 6 ti*a'\ 8 m’‘6* 
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Also by (45) 

_ Q f2M‘y , w’ , , 8 m*6) 

“ t6V'^6c’‘''6V''’ W| 

Restoring the values of u and v, we obtain 


6‘c?Q 




2d& ah^V 


By (54), (55) and (56) 

n 2a*6d 2a*6®6 , . , - . 

P = a 6 higher powers of c . 

c c 

Therefore by (46) the force depending on the square of the 
velocity 

waW 

= 

which varies as c”®. 

Hence P, = - 27r6^ ( Jf, + N,) - . 

The value of Pj the force on A towards B, can be obtained by 
symmetrically interchanging a and h, 

241. If we neglect all powers of c‘^ above the second 

„ 27r6* d . 2, .V 

T . - , . 27r^ 

Let a = a + a sin - ^ , 

~ 9_ 

6 = 6 + /3 sin y (^ - e), 

so that d, 6 denote the mean values of the radii. The mean value 
of Pj will be 

4‘7r 

= (a^) a/3 I cos -y cos it- e) dt 

87r®d*6*a/8 27r€ « 

" T 
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Hence if the spheres are pulsating in the same periodic time 
they will attract one another when their phases differ by less than 
a quarter of a period ; hut if the phases differ by more than a 
quarter and less than three quarters of a period, they will repel one 
another. 


EXAMPLES. 


1. An infinite liquid contains a fixed sphere of radius 6, and a 
sphere of radius a and mass M fastened to a spiral spring per- 
forming small oscillations in the line joining the spring to the 
centre of the sphere. Prove that if a and b are so small (or c so 
large) that we may neglect powers of ajc and b/c above the sixth, 
the time of oscillation is 


1+1 


2M + M. 


.(7) 


where is the mass of the liquid displaced by the moving 
sphere, T the time of oscillation if the fixed sphere were removed 
from the liquid, and c the mean distance between the centres of 
the spheres. 


2. An infinite mass of liquid is divided into two parts by an 
infinite rigid plane, and a sphere is moving in the liquid in a line 
perpendicular to the plane. Explain by general reasoning what 
will be the effect of making a circular opening in the plane with 
its centre in the line of motion of the sphere, when the sphere is 
moving (i) towards the plane, (ii) from the plane. 


3. Two equal small spheres of mass m and radius a, which 
attract each other with a force equal to the product of their 
masses divided by the square of the distance between them, move 
in a straight line towards each other in an infinite liquid. If X is 
the ratio of the density of the liquid to that of the spheres, and x 
the distance between their centres ; prove that so long as {ajxY 
and higher powers can be neglected, the velocity of either sphere is 

x»Jm(l H- JX) 

F+iM^^+3^’ 

the motion beginning when the spheres are at an infinite distance 
apart. 
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4. If a spherical vessel of radius a contain a concentric sphere 
of radius b and density o-, the intermediate space being filled with 
liquid of density p, prove that if the vessel be moved with velocity 
U, the concentric sphere will move forward with relative velocity 

ip(a» + 26®)/(a«-6») + o-- 

5. An impulse I is applied to one of two spheres, perpen- 
dicular to the line joining their centres. Prove that with the 
notation of § 229, both spheres will begin to move parallel to the 
direction of the impulse and in opposite directions, and that their 
velocities are determined by the equations 

\ - I 

cr~ S' A'cr-B'^- 

6. Liquid of unit density fills the space between two con- 
centric spheres. The outer one whose radius is b and the inner 
one whose radius is a, is suddenly distorted in such a manner that 
the velocity at any point of its surface is cF{d, ^), with the 
condition that its volume remains unaltered. Find the velocity 
potential of the liquid, and prove that when F (0, </>) is a zonal 
harmonic of degree n, the kinetic energy of the liquid is 

2a® + (nq- 1) ttc* 

7i\n + 1) {2n + 1) * 

7. Liquid is confined within a sphere of radius h ; and a solid 
sphere of radius a is moving with velocity v along a radius 
of the fixed sphere. Prove that if the distance x between the 
centres of the two spheres is small compared with &, the velocity 
potential is approximately equal to 

- |(p + cos 0 + « (3 cos" 0 - 1)| , 

the origin being the centre of the fixed sphere. 

8. The space between a spherical envelope and a solid 
concentric sphere is filled with liquid which is at rest. If the 
outer surface is moved so that at each point its velocity is a 
spherical surface harmonic F,,, prove that the solid sphere will 
remain at rest, unless w = 1 . 


B. 


17 
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9. Prove that the augmented inertia of a ball pendulum of 
radius a oscillating in a spherical envelope of radius b is 

where M is the mass of the liquid displaced. 


10. A string of length / — a is attached to a sphere of radius 
a and mass m, by means of some mechanical arrangement which 
prevents the sphere from rotating. The other end of the string is 
attached to a fixed point, and the system is surrounded by a 
liquid of unlimited extent, which is bounded by a fixed plane. 
Prove that if the string is initially at right angles to the plane, 
and sphere is projected perpendicularly to the string, with velocity 
Vy the tension of the latter will be equal to 


m f- SMa^ 
7r 2(2m + M)c^ 


(1 — cos 0) + (1 — — cos 
c c 



F* 


9Jlf F®ma® cos® 6 
2(2m + ilf)c* ’ 


where is the distance of the fixed point from the plane, 6 
the angle which the string makes with its initial position, M 
the mass of the liquid displaced by the sphere, and powers higher 
than c"* are neglected. 
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I. To ^ove the equation 

p = 

The laws of Boyle and Charles show that the pressure, volume, and 
temperature of a gas are connected by the relation 

pv-Ed (1), 

where is a constant, and B is the temperature measured from the 
absolute zero of the air thermometer, i.e. from — 270® 0. 

Let a quantity dH of heat be communicated to the gas ; the effect of 
communicating this amount of heat will be to change the pressure, 
volume, and temperature of the gas, and since by (1) the volume is a 
function of the pressure and temperature we may put 

dH^K^dO^Mp (2), 

where Kp is the specific heat at constant pressure. From (1) we have 

dO dp dv 

(’>■ 

whence eliminating dp from (2) we obtain 

whence if be the specific heat at constant volume 

ir„=irp+^ (4). 

Let us now sup 2 )Ose that the gas experiences a small change of 
volume but without loss or gain of heat, then dH=^^ and (2) becomes 

KpdS + Xdp = 0. 

Eliminating 6 and X by means of (3) and (4), and putting y = K„, 

we obtain 

dp dv ^ 

+ y — (5). 

p • V ' 

Now it is an experimental fact that y is independent of the pressure, 
temperature or volume, whence integrating (5) we obtain 

pv"^ — const., 

or p = kp’', 

where p is the density. 
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II. To eaypreaa the value of R {see pcbge 220) in terms of elliptic 
fanctiom. 

The value of R is 


. R = 7ra^ I 


l + 2Si 




.( 1 ) 


and we have to express this series in terms of elliptic functions. From 
§ 124 it follows that the value of R or (P + Z) is ; 








K 




Now sn^ Kx\it = (A- E) - 2Si 

Changing x into x + litK IK we obtain 

• n(l+ q^) 


cos nx. 




K. 


cos 7iX. 


^cosecam^Aa:/^=^,(Z-Z)-S, ^ 

Adding we obtain 

■AT* 7 2 2^ / H ir ! \ „ «>n(l + g'^) 

“j (k^ sn^ ACC / TT + cosecam* Air/ir) - ^ (a - A) - Si — ^ - cos nx. 

Also Sw (1 + 5'") cos noj = - i cosec^ \x + ^ . 

' ^ 2 (I -2qcOBX-\-q^y 

Therefore 

sr ^ (1 + ?”)} 

- ^ su>‘Z*/7r + cosecam=‘ + J cosec’ Ja: - y " • • -i^)- 

The required series is equal to the limit of the right-hand side of (3) 
when 05 = 0, that is 




III. Professor Greenhill has kindly worked out the following 
investigation of the Motion under no forces of a Solid of Revolution in 
InOnite Liquid, by Weierstrass's functions. 

Taking the expression (4) for the kinetic energy T of the solid of 
revolution and of the surrounding infinite frictionless liquid given in 
§ 181, but writing p^ q, r instead of aij, cog, 0)3 respectively, then 

T -^^F {iF + v^) + ^Rtu^ + {p^ + q^) + ; 
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and employing this in the equations of motion of § 167, supposing there 
are no impressed forces ; then since 
^ dT 

du' 

dT , . 


dv 

dp dq 

the equations of motion become 


= Pw, 

^ * 

T 

= Ap, 


= Pv, 


dT * 




P^ -Pm-vRwq 
P ^ - Rvyp + Rwr 
P ^ - Ruq + Fvp 
A ^ - (A --C)5^r - (P- R)vw-^. 


= 0. 
= 0. 
= 0. 


dq 

di 

dr 

dt 


+ (A - G)pT + {P - R)uw = 0, 


= 0. 


.( 1)1 

.( 2 ), 

.( 3 ), 

(4), 

.( 5 ), 

.( 6 ). 


Equation (6) shows that r is constant during the motion ; and from 
the other equations we can obtain three first integrals of the equations 
of motion. 

First, + + J = 0, 

SO that JP {v? + v^) 4- \Rid^ + |A {p^ + q^) + = P (7), 

a constant, the constant value of the kinetic energy during the motion. 


Secondly, 


du dv\ 


dw 




dt) 


dt 


+ (7fi$r = 0, 

(m> 


SO that P^ {u^ + + RT-V^ = P^ (8), 

a constant ; and then F represents the resultant linear momentum of 
the system. 

Thirdly, + + 

so that AP{up + vq) + CRwr = G (9), 

a constant; and then G may be taken to represent the constant angular 
momentum of the system. 

From equations (7), (8), (9), 

P* (u^ + v^) = - R^w% 

A (p^ + q^) = 2T-C7^-Rux^-P (u^ + 




. G - CRwr 
P (up 4- vq) = ! 


A 
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so that from equation (3) 

= P® {(tfc® + -w®) + q^) - {up + vqY\ 

a quartic function of Rw^ so that Rw is an elliptic function of the time 
ty which we shall proceed to express by means of the notation of 
Weierstrass. 

Putting, for the moment, = a: = cos tf, then 

(S)* " ^ - *2) (as - *3), 

where ajo, ajj, ajg, ccg denote the roots of the quartic in a;, arranged in 
descending order of magnitude ; also 

aio + aJi + aJa + aJa = 0. 

I> 

Now put a; - ajo = — > 


D s — e, 

aj - a?! = j — , 

8 — d d-Bi 


D 5 — 00 
8 -dd — e^ 

D 8-63 

aJ-ojg^ - - , 

a-dd—e-i 

where are the roots of the discriminating cubic of the quartic 

4s^-5r28-^3= 0, 

ff2 and ^3 being the quadrinvariant and the cubinvariant. 

Then f-Y -^ 71 - 1 .) i)2 -J(? 

U/ “ ^ U P)^ U^-g 4 - 9 i’ 

and we may choose D, so that 

- g./l - g^, 

(S' = T (i - ?) 

SO that now, with Weierstrass^s notation (Halphen, Traite des fonctions 
elliptiquea et de leurs applications^ Paris, 1886), 


8 = P (^CO^/t + Wg), 

<1)1 and (1)3 denoting the real and imaginary half periods of the elliptic 
functions, and t the time of oscillation ; the imaginary half period 0)3 
being added in order to make 8 oscillate between and 63, and therefore 
X between aja and x^. 
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Then the time of oscillation t is given by 

A U P/ 

We may write pc instead of d ; and use pw instead of p (^cdi/t + (Og) 
for brevity, and then D = - p'c, and 

-p'c 


X — Xi = 

x — x^- 


pw— pc 

— p'c pi^-Ci 
pw— pc pc - Cl ’ 

— p'c pit- Cg 
pit— pc pc — Cg ’ 


^ -Pg P^-^3. 
® pit- pc pc - Cg ^ 


and then, as explained in the Proceedings of the London Mathematical 
Society^ vol. xvii., p. 279, 1886, introducing the function Jit, defined by 

d 


du 


Jit = — pit. 


a;„ = 2Cc-C2c = -^^, 
pc 




p" (c f Q),) 


, X2 — . 


ajg — . . . , 


p' (c + (Oi) ’ 

and p2c, p'2c are the coefficients of and x respectively in the quartic 
(x — Xoj {x — X^ (x — flSg) ““ ^3) > 

p' (u-c) — p'2c 
p (it - c) — p2c 

Taking the axis 0^ in the direction of the resultant impulse F 
(fig. p. 166), then 

Fu = - FsinO cos Fv - F sin 6 sin Fw = Fco& 0, 
and F {up + vq) - F sin 0 {—p cos + g sin <^), 


also oj = J (it + c) - J (it - c) - J2c = ^ 


= i^sin2^ 


so that equation (9) becomes 

AF sin^ 6 


or, using x to denote cos 0, 


dif/ 
~dt '' 


dif/ 

~dV 


G - GRwr^ 


= 6r - CFr cos 


G - GFrx , G + GFr 1 


dij/ 

di~ AF(l--a^) 






G^ GFr 1 


AF l+x^^ AF 1-aj’ 
the equation to determine the azimuthal motion i/r. 
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As explained in the iVoc. London Math, Soc,^ vol. xvii. p, 280, 
writing u for tiaijr -f a^, this equation becomes 

p'a ( pi6 - pc) 


•" P^) (P^ P®) 


+ 


p^6 (pt4 - pc) 


(p6-pc)(pM-p6)’ 
a and b being the values of u which make cos ^ — 1 or + 1, respectively, 
p'a p'a p'ft p'J 


Then 


24t = 


where 

and 


pa - pc pw - pa p6 - pc pa - p6 * 

~ ^ (® ^ — c) — 2^a ~ ^ (u + a) 4 - ^ (u -• a) + 2^a 

+ ^(6 + c) + ^(6-c) + 2^6-^(tt + 6) + f(a-6)~2C6, 
, - . , (r (u - a) a (u^-b) - . ^ 

F=C{a + c) + ^{a-c) + ^{b + c) + ^(b-c), 




/<T (m + a) o- (m + 6) 
o 


<r (a — a) cr {u — b)' 

Taking a point on the axis OC at unit distance from 0, the pro- 
jection of the motion of this point on a plane through 0 perpendicular 
to OZ will be given by 

cc + = sin 


<r (a + c) <r (a - c) ^ ^ ' 


• (a + c) <r (a - c) 

In a similar manner, by means of the equation 

d ^ \ 1 c? , , „ ,uv-uv 

log (w + »v) = I ^ log {w + V*) 4* ^ 


dt 






at 


G - CRwr Bw 


we can express u 4 - iv by means of Weierstrass’s o- functions ; and the 
same method can be applied to the expression of /?4-i^ and also of 
x + iy^ X and y now denoting the coordinates of 0 with respect to fixed 
axes in a plane perpendicular to the direction of the resultant impulse F, 

It will be noticed that the letter u has been used in two senses, 
first as expressing a component velocity of translation, and secondly as 
an abbreviation for tfoi/r 4- Wj ; this was unavoidable in order to reconcile 
the different notations, but will not be found to lead to confusion. 
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